



❚❘✲✷✵✵✽✲✶✸✳ P✉❜❧✐s❤❡❞ ❜② t❤❡ ❊❣❡r✈ár② ❘❡s❡❛r❝❤ ●r♦✉♣✱ Pá③♠á♥② P✳ sétá♥② ✶✴❈✱
❍✕✶✶✶✼✱ ❇✉❞❛♣❡st✱ ❍✉♥❣❛r②✳ ❲❡❜ s✐t❡✿ ✇✇✇✳❝s✳❡❧t❡✳❤✉✴❡❣r❡s ✳ ■❙❙◆ ✶✺✽✼✕✹✹✺✶✳
❑❡r♥❡❧s✱ st❛❜❧❡ ♠❛t❝❤✐♥❣s✱ ❛♥❞ ❙❝❛r❢✬s
▲❡♠♠❛
❚❛♠ás ❑✐rá❧② ❛♥❞ ❏ú❧✐❛ P❛♣
❖❝t♦❜❡r ✷✵✵✽
❘❡✈✐s❡❞✿ ❏✉♥❡ ✷✵✵✾
❊●❘❊❙ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ◆♦✳ ✷✵✵✽✲✶✸ ✶
❑❡r♥❡❧s✱ st❛❜❧❡ ♠❛t❝❤✐♥❣s✱ ❛♥❞ ❙❝❛r❢✬s ▲❡♠♠❛
❚❛♠ás ❑✐rá❧②⋆ ❛♥❞ ❏ú❧✐❛ P❛♣⋆⋆
❆❜str❛❝t
❙❝❛r❢✬s ▲❡♠♠❛ ♦r✐❣✐♥❛❧❧② ❛♣♣❡❛r❡❞ ❛s ❛ t♦♦❧ t♦ ♣r♦✈❡ t❤❡ ♥♦♥✲❡♠♣t✐♥❡ss ♦❢
t❤❡ ❝♦r❡ ♦❢ ❝❡rt❛✐♥ ◆❚❯ ❣❛♠❡s✳ ▼♦r❡ r❡❝❡♥t❧②✱ ❤♦✇❡✈❡r✱ s❡✈❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥s
❤❛✈❡ ❜❡❡♥ ❢♦✉♥❞ ✐♥ t❤❡ ❛r❡❛ ♦❢ ❣r❛♣❤ t❤❡♦r② ❛♥❞ ❞✐s❝r❡t❡ ♠❛t❤❡♠❛t✐❝s✳ ■♥
t❤✐s ♣❛♣❡r ✇❡ ♣r❡s❡♥t ❛♥❞ ❡①t❡♥❞ s♦♠❡ ♦❢ t❤❡s❡ ❛♣♣❧✐❝❛t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡
♣r♦✈❡ r❡s✉❧ts ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❦❡r♥❡❧s ✐♥ ♦r✐❡♥t❛t✐♦♥s ♦❢ h✲♣❡r❢❡❝t ❣r❛♣❤s✳ ❲❡
❞❡s❝r✐❜❡ ❛ ♥❡✇ ❞✐r❡❝t ❧✐♥❦ ❜❡t✇❡❡♥ ❙❝❛r❢✬s ▲❡♠♠❛ ❛♥❞ ❙♣❡r♥❡r✬s ▲❡♠♠❛ ❣✐✈✐♥❣
❛ ♥❡✇ ♣r♦♦❢ t♦ t❤❡ ❢♦r♠❡r✳
✶ ■♥tr♦❞✉❝t✐♦♥
■♥ ♦♥❡ ♦❢ ❤✐s ❢✉♥❞❛♠❡♥t❛❧ ♣❛♣❡rs ✐♥ ❣❛♠❡ t❤❡♦r② ❬✶✻❪✱ ❙❝❛r❢ ♣r♦✈❡❞ t❤❛t ❛ ❜❛❧❛♥❝❡❞
n✲♣❡rs♦♥ ❣❛♠❡ ✇✐t❤ ♥♦♥✲tr❛♥s❢❡r❛❜❧❡ ✉t✐❧✐t✐❡s ✭◆❚❯✮ ❛❧✇❛②s ❤❛s ❛ ♥♦♥✲❡♠♣t② ❝♦r❡✳
❚❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ ❛ t❤❡♦r❡♠ ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❞♦♠✐♥❛t✐♥❣ ✈❡rt❡① ✐♥ ❝❡rt❛✐♥
♣♦❧②❤❡❞r❛✱ ✇❤✐❝❤ ❜❡❝❛♠❡ ❦♥♦✇♥ ❛s ✏❙❝❛r❢✬s ▲❡♠♠❛✑✳ ❚❤❡ ♣r♦♦❢ ❤❡ ❣❛✈❡ ✐s ❜❛s❡❞ ♦♥
❛ ✜♥✐t❡ ✭♥♦t ♥❡❝❡ss❛r✐❧② ♣♦❧②♥♦♠✐❛❧✮ ❛❧❣♦r✐t❤♠✳
❚❤❡ ✐♥t❡r❡st ✐♥ t❤❡ ❧❡♠♠❛ ❤❛s ❜❡❡♥ r❡♥❡✇❡❞ ✐♥ ❝♦♠❜✐♥❛t♦r✐❝s ✇❤❡♥ ❆❤❛r♦♥✐ ❛♥❞
❍♦❧③♠❛♥ ✉s❡❞ ✐t t♦ ❣✐✈❡ ❛ s❤♦rt ❛♥❞ ❡❧❡❣❛♥t ♣r♦♦❢ ♦❢ t❤❡ ❦❡r♥❡❧✲s♦❧✈❛❜✐❧✐t② ♦❢ ♣❡r❢❡❝t
❣r❛♣❤s✳ ❚❤✐s ♣r♦❜❧❡♠✱ ♣r❡✈✐♦✉s❧② ❦♥♦✇♥ ❛s t❤❡ ❇❡r❣❡✲❉✉❝❤❡t ❝♦♥❥❡❝t✉r❡✱ ✇❛s ✜rst
s♦❧✈❡❞ ❜② ❇♦r♦s ❛♥❞ ●✉r✈✐❝❤ ❬✺❪ ✉s✐♥❣ ❢❛✐r❧② ❝♦♠♣❧✐❝❛t❡❞ ❣❛♠❡✲t❤❡♦r❡t✐❝❛❧ ❛r❣✉♠❡♥ts✳
■♥ ❝♦♥tr❛st✱ t❤❡ ♣r♦♦❢ ♦❢ ❆❤❛r♦♥✐ ❛♥❞ ❍♦❧③♠❛♥ ✐s s✉r♣r✐s✐♥❣❧② s✐♠♣❧❡ ❛♥❞ ❝❧❡❛r✳
❚❤❡ r❡❧❛t✐♦♥ ♦❢ ❙❝❛r❢✬s ▲❡♠♠❛ ❛♥❞ ❙♣❡r♥❡r✬s ▲❡♠♠❛ ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ♠❡♥t✐♦♥❡❞
✐♥ ❙❝❛r❢✬s ♦r✐❣✐♥❛❧ ♣❛♣❡r ❬✶✻❪✱ ❛♥❞ ❧❛t❡r ✐t ❤❛s ❜❡❡♥ st✉❞✐❡❞ ❜② ♦t❤❡r ❛✉t❤♦rs ✭s❡❡
❢♦r ❡①❛♠♣❧❡ ❬✶✹❪✮✳ ■♥ ❙❡❝t✐♦♥ ✷ ✇❡ ♣r❡s❡♥t ❛ ♥❡✇ ♣r♦♦❢ ♦❢ ❙❝❛r❢✬s ▲❡♠♠❛ ❜❛s❡❞ ♦♥
❛ ♣♦❧②❤❡❞r❛❧ ✈❡rs✐♦♥ ♦❢ ❙♣❡r♥❡r✬s ▲❡♠♠❛✱ ❛♥❞ s❤♦✇ ❛ str♦♥❣ ❧✐♥❦ ❜❡t✇❡❡♥ t❤❡ t✇♦
t❤❡♦r❡♠s✿ ❡ss❡♥t✐❛❧❧②✱ ❙❝❛r❢✬s ❧❡♠♠❛ ❢♦r ❛ ♣♦❧②❤❡❞r♦♥ P ❝♦rr❡s♣♦♥❞s t♦ ❙♣❡r♥❡r✬s
▲❡♠♠❛ ❢♦r t❤❡ ♣♦❧②❤❡❞r♦♥ P − Rn+✳
■♥ ❙❡❝t✐♦♥ ✸ ✇❡ ❜r✐❡✢② r❡✈✐❡✇ s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ❧❡♠♠❛ ✐♥ ❣❛♠❡ t❤❡♦r② ❛♥❞
✐♥ ❣r❛♣❤ t❤❡♦r②✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❦❡r♥❡❧✲s♦❧✈❛❜✐❧✐t② ♦❢ ♣❡r❢❡❝t ❣r❛♣❤s✳ ❚❤✐s ❛♣♣❧✐❝❛t✐♦♥ ✐s
❡①t❡♥❞❡❞ t♦ h✲♣❡r❢❡❝t ❣r❛♣❤s ✐♥ ❙❡❝t✐♦♥ ✹✳
⋆▼❚❆✲❊▲❚❊ ❊❣❡r✈ár② ❘❡s❡❛r❝❤ ●r♦✉♣✱ ❇✉❞❛♣❡st✱ ❍✉♥❣❛r②✳ ❙✉♣♣♦rt❡❞ ❜② t❤❡ ❍✉♥❣❛r✐❛♥ ◆❛✲
t✐♦♥❛❧ ❋♦✉♥❞❛t✐♦♥ ❢♦r ❙❝✐❡♥t✐✜❝ ❘❡s❡❛r❝❤✱ ❖❚❑❆ ◆❑✻✼✽✻✼✳
⋆⋆❉❡♣❛rt♠❡♥t ♦❢ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ❊öt✈ös ▲♦rá♥❞ ❯♥✐✈❡rs✐t②✱ ❇✉❞❛♣❡st✱ ❍✉♥❣❛r②✳ ❙✉♣♣♦rt❡❞
❜② t❤❡ ❍✉♥❣❛r✐❛♥ ◆❛t✐♦♥❛❧ ❋♦✉♥❞❛t✐♦♥ ❢♦r ❙❝✐❡♥t✐✜❝ ❘❡s❡❛r❝❤✱ ❖❚❑❆ ◆❑✻✼✽✻✼✳
❖❝t♦❜❡r ✷✵✵✽✳ ❘❡✈✐s❡❞✿ ❏✉♥❡ ✷✵✵✾
❙❡❝t✐♦♥ ✷✳ ❙❝❛r❢✬s ▲❡♠♠❛ ❛♥❞ ❙♣❡r♥❡r✬s ▲❡♠♠❛ ✷
❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ q✉❡st✐♦♥s r❡♠❛✐♥✐♥❣ r❡❧❛t❡❞ t♦ ❙❝❛r❢✬s ▲❡♠♠❛ ❛♥❞ ❦❡r♥❡❧s✳ ❚❤❡
❧❡♠♠❛ st❛t❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❝❡rt❛✐♥ ❞♦♠✐♥❛t✐♥❣ ✈❡rt❡①❀ ✐t ✇♦✉❧❞ ❜❡ ✉s❡❢✉❧ t♦ ❦♥♦✇
❝❧❛ss❡s ♦❢ ♣♦❧②❤❡❞r❛ ✇❤❡r❡ ♦♥❧② ♦♥❡ ❞♦♠✐♥❛t✐♥❣ ✈❡rt❡① ❡①✐sts✱ s✐♥❝❡ t❤✐s ❝♦✉❧❞ ❧❡❛❞
t♦ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ s♦♠❡ ❝❧❛ss❡s ♦❢ ❦❡r♥❡❧✲❧❡ss ❣r❛♣❤s✳ ◗✉❡st✐♦♥s ❛♥❞ ❝♦♥❥❡❝t✉r❡s
❛❜♦✉t t❤✐s t♦♣✐❝ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳
✷ ❙❝❛r❢✬s ▲❡♠♠❛ ❛♥❞ ❙♣❡r♥❡r✬s ▲❡♠♠❛
■♥ ❙❝❛r❢✬ ▲❡♠♠❛ ✇❡ ❝♦♥s✐❞❡r ❛ ❜♦✉♥❞❡❞ ♣♦❧②❤❡❞r♦♥ P = {x ∈ Rn : Ax ≤ b, x ≥ 0}
✇❤❡r❡ A ✐s ❛♥ m × n ♥♦♥✲♥❡❣❛t✐✈❡ ♠❛tr✐① ✭✇✐t❤ ♥♦♥✲③❡r♦ ❝♦❧✉♠♥s✮ ❛♥❞ b ∈ Rm ✐s ❛
♣♦s✐t✐✈❡ ✈❡❝t♦r✳ ■♥ ❛❞❞✐t✐♦♥✱ ❢♦r ❡✈❡r② r♦✇ i ∈ {1, 2, . . .m} ♦❢ A✱ ❛ t♦t❛❧ ♦r❞❡r <i ♦❢
t❤❡ ❝♦❧✉♠♥s ✭♦r ❛ s✉❜s❡t ♦❢ t❤❡♠✮ ✐s ❣✐✈❡♥✳ ❲❡ ❞❡♥♦t❡ t❤❡ ❞♦♠❛✐♥ ♦❢ <i ❜② ❉♦♠(<i)✳
■❢ j ∈ ❉♦♠(<i) ❛♥❞ J ⊆ ❉♦♠(<i)✱ ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ j ≤i J ❛s ❛♥ ❛❜❜r❡✈✐❛t✐♦♥
❢♦r ✏j ≤i j
′ ❢♦r ❡✈❡r② j′ ∈ J✑✳ ❋♦r ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✈❡❝t♦r x ∈ Rn✱ s✉♣♣(x) ❞❡♥♦t❡s
{j ∈ {1, . . . n} : xj > 0}✳
❚❤❡ ❝❡♥tr❛❧ ♥♦t✐♦♥ ✐♥ ❙❝❛r❢✬s ❧❡♠♠❛ ✐s t❤❛t ♦❢ ❛ ❞♦♠✐♥❛t✐♥❣ ✈❡rt❡①✳
❉❡✜♥✐t✐♦♥ ✷✳✶✳ ❆ ✈❡rt❡① x∗ ♦❢ P ❞♦♠✐♥❛t❡s ❝♦❧✉♠♥ j ✐❢ t❤❡r❡ ✐s ❛ r♦✇ i ✇❤❡r❡
aix
∗ = bi ❛♥❞ j ≤i s✉♣♣(x
∗) ∩❉♦♠(<i) ✭t❤✐s ✐♠♣❧✐❡s t❤❛t j ∈ ❉♦♠(<i)✮✳
❚❤❡♦r❡♠ ✷✳✷ ✭❙❝❛r❢✬s ▲❡♠♠❛✮✳ ▲❡t P ❜❡ ❛s ❛❜♦✈❡ ❛♥❞ ❧❡t <i ❜❡ ❛ t♦t❛❧ ♦r❞❡r ♦♥
{1, . . . , n} ✭i = 1, . . . ,m✮✳ ❚❤❡♥ P ❤❛s ❛ ♥♦♥③❡r♦ ✈❡rt❡① t❤❛t ❞♦♠✐♥❛t❡s ❡✈❡r② ❝♦❧✉♠♥✳
❲❡ st❛t❡ ❛♥♦t❤❡r ✈❡rs✐♦♥✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ♠♦r❡ ❝♦♥✈❡♥✐❡♥t t♦ ♣r♦✈❡ ❛♥❞ ❛❧s♦ t♦ ❛♣♣❧②✳
❆ ✈❡rt❡① x∗ ♦❢ P ✐s ♠❛①✐♠❛❧ ✐❢ ❜② ✐♥❝r❡❛s✐♥❣ ❛♥② ❝♦♦r❞✐♥❛t❡ ♦❢ x∗ ✇❡ ❧❡❛✈❡ P ✭♦r
❢♦r♠❛❧❧②✱ ({x∗}+Rn+)∩P = {x
∗}✱ ✇❤❡r❡ Rn+ ✐s t❤❡ s❡t ♦❢ ❛❧❧ ♥♦♥✲♥❡❣❛t✐✈❡ ✈❡❝t♦rs✱ ❛♥❞
❢♦r t✇♦ ♣♦❧②❤❡❞r❛ Q ❛♥❞ Q′ ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ Q+Q′ = {x+ y : x ∈ Q, y ∈ Q′}✮✳
❚❤❡♦r❡♠ ✷✳✸ ✭❙❝❛r❢✬s ▲❡♠♠❛✱ ❛❧t❡r♥❛t❡ ✈❡rs✐♦♥✮✳ ▲❡t P ❜❡ ❛s ❛❜♦✈❡ ❛♥❞ ❧❡t <i ❜❡ ❛
t♦t❛❧ ♦r❞❡r ♦♥ s✉♣♣(ai) ✭i = 1, . . . ,m✮✱ ✇❤❡r❡ ai ✐s t❤❡ i✲t❤ r♦✇ ♦❢ A✳ ❚❤❡♥ P ❤❛s ❛
♠❛①✐♠❛❧ ✈❡rt❡① t❤❛t ❞♦♠✐♥❛t❡s ❡✈❡r② ❝♦❧✉♠♥✳
◆♦t❡ t❤❛t ✐♥ ❚❤❡♦r❡♠ ✷✳✷ ✇❡ ❝❛♥♥♦t ❣✉❛r❛♥t❡❡ t❤❡ ♠❛①✐♠❛❧✐t② ♦❢ t❤❡ ❞♦♠✐♥❛t✐♥❣











, 1 <1 2, 1 <2 2.
❍❡r❡ t❤❡ ♦♥❧② ✈❡rt❡① t❤❛t ❞♦♠✐♥❛t❡s ❡✈❡r② ❝♦❧✉♠♥ ✐s (0, 1)✱ ✇❤✐❝❤ ✐s ♥♦t ♠❛①✐♠❛❧
s✐♥❝❡ (1, 1) ✐s ❛❧s♦ ❛ ✈❡rt❡①✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❚❤❡♦r❡♠ ✷✳✷ ❢♦❧❧♦✇s ❢❛✐r❧② ❡❛s✐❧② ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✸ ❜② ❝❤❛♥❣✐♥❣
t❤❡ ✵ ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡ ♠❛tr✐① A t♦ s♦♠❡ s♠❛❧❧ ♣♦s✐t✐✈❡ ✈❛❧✉❡s s✉❝❤ t❤❛t t❤❡ ❢❛❝❡t✲
❞❡✜♥✐♥❣ ✐♥❡q✉❛❧✐t✐❡s r❡♠❛✐♥ t❤❡ s❛♠❡ ❛♥❞ t❤❡ ✈❡rt❡① s❡ts ♦❢ t❤❡ ❢❛❝❡ts r❡♠❛✐♥ ❛❧s♦ t❤❡
s❛♠❡ ❡①❝❡♣t ❢♦r ♣♦ss✐❜❧❡ ✜ss✐♦♥✳
◆❡①t ✇❡ s❤♦✇ t❤❛t ❚❤❡♦r❡♠ ✷✳✸ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦❧②❤❡❞r❛❧ ✈❡rs✐♦♥ ♦❢
❙♣❡r♥❡r✬s ▲❡♠♠❛✳
❊●❘❊❙ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ◆♦✳ ✷✵✵✽✲✶✸
❙❡❝t✐♦♥ ✷✳ ❙❝❛r❢✬s ▲❡♠♠❛ ❛♥❞ ❙♣❡r♥❡r✬s ▲❡♠♠❛ ✸
❉❡✜♥✐t✐♦♥ ✷✳✹✳ ❋♦r ❛ ❝♦❧♦✉r✐♥❣ ♦❢ t❤❡ ✈❡rt✐❝❡s ♦❢ ❛ ♣♦❧②t♦♣❡ Q✱ ❛ ❢❛❝❡t ♦❢ Q ✐s ♠✉❧t✐✲
❝♦❧♦✉r❡❞ ✐❢ ✐t ❝♦♥t❛✐♥s ✈❡rt✐❝❡s ♦❢ ❡✈❡r② ❝♦❧♦✉r✳ ❋♦r ❛ ❝♦❧♦✉r✐♥❣ ♦❢ t❤❡ ❢❛❝❡ts ♦❢ Q✱ ❛
✈❡rt❡① ♦❢ Q ✐s ♠✉❧t✐✲❝♦❧♦✉r❡❞ ✐❢ ✐t ❧✐❡s ♦♥ ❢❛❝❡ts ♦❢ ❡✈❡r② ❝♦❧♦✉r✳
❚❤❡♦r❡♠ ✷✳✺✳ ▲❡t Q ❜❡ ❛♥ n✲❞✐♠❡♥s✐♦♥❛❧ ♣♦❧②t♦♣❡✱ ✇✐t❤ ❛ s✐♠♣❧❡① ❢❛❝❡t F0✳ ❙✉♣♣♦s❡
✇❡ ❤❛✈❡ ❛ ❝♦❧♦✉r✐♥❣ ♦❢ t❤❡ ✈❡rt✐❝❡s ♦❢ Q ✇✐t❤ n ❝♦❧♦✉rs s✉❝❤ t❤❛t F0 ✐s ♠✉❧t✐✲❝♦❧♦✉r❡❞✳
❚❤❡♥ t❤❡r❡ ✐s ❛♥♦t❤❡r ♠✉❧t✐✲❝♦❧♦✉r❡❞ ❢❛❝❡t✳
Pr♦♦❢✳ ▲❡t ✉s ❞✐✈✐❞❡ t❤❡ ♥♦♥✲s✐♠♣❧❡① ❢❛❝❡ts ♦❢ Q ✐♥t♦ s✐♠♣❧✐❝❡s✳ ❲❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t
t❤❡r❡ ✐s ❛ ♠✉❧t✐✲❝♦❧♦✉r❡❞ s✐♠♣❧❡①✳ ▲❡t C ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ❝♦❧♦✉rs ❛♥❞ ❧❡t r❡❞ ❜❡ ♦♥❡
♦❢ t❤❡♠✳
❉❡✜♥❡ ❛ ❣r❛♣❤ ✇❤♦s❡ ♥♦❞❡s ❛r❡ t❤❡ s✐♠♣❧✐❝❡s ✐♥ t❤❡ ❞✐✈✐s✐♦♥ ❛♥❞ t❤❡r❡ ✐s ❛♥ ❡❞❣❡
❜❡t✇❡❡♥ t✇♦ s✐♠♣❧✐❝❡s ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡② s❤❛r❡ ❛♥ ✭n − 2 ❞✐♠❡♥s✐♦♥❛❧✮ ❢❛❝❡t ✇❤♦s❡
✈❡rt✐❝❡s ✉s❡ ❡❛❝❤ ❝♦❧♦✉r ✐♥ C \ {r❡❞} ❡①❛❝t❧② ♦♥❝❡✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ ♠✉❧t✐✲
❝♦❧♦✉r❡❞ s✐♠♣❧✐❝❡s ❛r❡ ♦❢ ❞❡❣r❡❡ ♦♥❡ ✐♥ t❤✐s ❣r❛♣❤✱ t❤❡ s✐♠♣❧✐❝❡s ✇❤♦s❡ ✈❡rt✐❝❡s ✉s❡ ❛❧❧
❝♦❧♦✉rs ✐♥ C \ {r❡❞}✱ ❛♥❞ ♦♥❡ ♦❢ t❤❡♠ t✇✐❝❡ ❛r❡ ♦❢ ❞❡❣r❡❡ t✇♦ ❛♥❞ t❤❡ ♦t❤❡r s✐♠♣❧✐❝❡s
❛r❡ ♦❢ ❞❡❣r❡❡ ③❡r♦✱ ❤❡♥❝❡ t❤❡ ❣r❛♣❤ ✐s t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ ♣❛t❤s✳ ❚❤❡ ❛ss✉♠♣t✐♦♥
✐♠♣❧✐❡s t❤❛t F0 ✐s ❛ ♥♦❞❡ ♦❢ ❞❡❣r❡❡ ♦♥❡✱ s♦ t❤❡r❡ ❤❛s t♦ ❜❡ ❛♥♦t❤❡r ♥♦❞❡ ♦❢ ❞❡❣r❡❡ ♦♥❡
✇❤✐❝❤ ❣✐✈❡s ❛ ♠✉❧t✐✲❝♦❧♦✉r❡❞ s✐♠♣❧❡①✳
❇② ♣♦❧❛r✐t②✱ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✐s ❛❧s♦ tr✉❡✳
❚❤❡♦r❡♠ ✷✳✻✳ ▲❡t Q ❜❡ ❛♥ n✲❞✐♠❡♥s✐♦♥❛❧ ♣♦❧②t♦♣❡✱ ✇✐t❤ ❛ s✐♠♣❧✐❝✐❛❧ ✈❡rt❡① v0✳ ❙✉♣✲
♣♦s❡ ✇❡ ❤❛✈❡ ❛ ❝♦❧♦✉r✐♥❣ ♦❢ t❤❡ ❢❛❝❡ts ♦❢ Q ✇✐t❤ n ❝♦❧♦✉rs s✉❝❤ t❤❛t v0 ✐s ♠✉❧t✐✲❝♦❧♦✉r❡❞✳
❚❤❡♥ t❤❡r❡ ✐s ❛♥♦t❤❡r ♠✉❧t✐✲❝♦❧♦✉r❡❞ ✈❡rt❡①✳
❚❤❡ ❛❜♦✈❡ r❡s✉❧ts ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞ t♦ ✉♥❜♦✉♥❞❡❞ ♣♦✐♥t❡❞ ♣♦❧②❤❡❞r❛✱ ✇❤✐❝❤ ✇✐❧❧
❜❡ ✉s❡❢✉❧ ❢♦r ♦✉r ♣r♦♦❢ ♦❢ ❙❝❛r❢✬s ❧❡♠♠❛✳ ❋♦r t❤✐s✱ ✇❡ ❡①t❡♥❞ t❤❡ ♥♦t✐♦♥ ♦❢ ✈❡rt✐❝❡s✳
❉❡✜♥✐t✐♦♥ ✷✳✼✳ ❋♦r ❛ ♣♦✐♥t❡❞ ♣♦❧②❤❡❞r♦♥ Q✱ ✐ts ❡♥❞s ❛r❡ t❤❡ ✈❡rt✐❝❡s ♦❢ Q ❛♥❞ t❤❡
❡①tr❡♠❡ r❛②s ♦❢ Q ✭❛♥ ❡①tr❡♠❡ r❛② ♦❢ ❛ ♣♦❧②❤❡❞r♦♥ ✐s ❛♥ ❡①tr❡♠❡ r❛② ♦❢ ✐ts r❡❝❡ss✐♦♥
❝♦♥❡✮✳
❲❡ ❡①t❡♥❞ ❛❧s♦ t❤❡ ✐♥❝✐❞❡♥❝❡s ❜❡t✇❡❡♥ ❢❛❝❡ts ❛♥❞ ✈❡rt✐❝❡s t♦ ❡♥❞s ✐♥ t❤❡ ♥❛t✉r❛❧
✇❛②✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐❢ ❛ ♣♦❧②❤❡❞r♦♥ ❤❛s n ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ❡①tr❡♠❡ r❛②s t❤❡♥ ✇❡
❝♦♥s✐❞❡r t❤❡ ❡①tr❡♠❡ r❛②s ❛s ❜❡✐♥❣ ♦♥ ❛ ✏❢❛❝❡t ✐♥ ✐♥✜♥✐t②✑✳
❉❡✜♥✐t✐♦♥ ✷✳✽✳ ❲❡ ❝❛❧❧ t✇♦ ♣♦❧②❤❡❞r❛ ❝♦♠❜✐♥❛t♦r✐❛❧❧② ❡q✉✐✈❛❧❡♥t ✐❢ t❤❡r❡ ✐s ❛ ❜✐❥❡❝✲
t✐♦♥ ❜❡t✇❡❡♥ t❤❡✐r ❢❛❝❡ts ❛♥❞ t❤❡✐r ❡♥❞s ✇❤✐❝❤ ♣r❡s❡r✈❡s t❤❡ ✐♥❝✐❞❡♥❝❡s✳ ❲❡ ❝❛❧❧ t✇♦
♣♦❧②❤❡❞r❛ ❝♦♠❜✐♥❛t♦r✐❛❧❧② ♣♦❧❛r ✐❢ t❤❡r❡ ✐s ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❢❛❝❡ts ♦❢ ♦♥❡ ❛♥❞
t❤❡ ❡♥❞s ♦❢ t❤❡ ♦t❤❡r ❛♥❞ ✈✐❝❡ ✈❡rs❛ ✇❤✐❝❤ r❡✈❡rs❡s t❤❡ ✐♥❝❧✉s✐♦♥ r❡❧❛t✐♦♥✳
❲❡ ❝❧❛✐♠ t❤❛t ✐❢ Q ✐s ❛ ♣♦✐♥t❡❞ ❢✉❧❧✲❞✐♠❡♥s✐♦♥❛❧ ♣♦❧②❤❡❞r♦♥ t❤❡♥ t❤❡r❡ ❡①✐sts ❛
♣♦❧②t♦♣❡ ✇❤✐❝❤ ✐s ❝♦♠❜✐♥❛t♦r✐❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ ✐t✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ✐❢ ✇❡ ♠♦✈❡ Q s♦
t❤❛t t❤❡ ♦r✐❣✐♥ ✐s ✐♥ ✐ts ✐♥t❡r✐♦r ❛♥❞ t❤❡♥ t❛❦❡ ✐ts ♣♦❧❛r✱ ✐t ✇✐❧❧ ❜❡ ❛ ♣♦❧②t♦♣❡ ✇❤✐❝❤ ✐s
❝♦♠❜✐♥❛t♦r✐❛❧❧② ♣♦❧❛r t♦ Q✳ ■❢ ✇❡ ❞♦ t❤❡ s❛♠❡ ❛ s❡❝♦♥❞ t✐♠❡✱ ✇❡ ❣❡t ❛ ♣♦❧②t♦♣❡ ✇❤✐❝❤
✐s ❝♦♠❜✐♥❛t♦r✐❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ Q✳ ◆♦✇ ✇❡ ❝❛♥ st❛t❡ ❛ ✈❡rs✐♦♥ ♦❢ ❚❤❡♦r❡♠s ✷✳✺ ❛♥❞
✷✳✻ t♦ ✉♥❜♦✉♥❞❡❞ ♣♦❧②❤❡❞r❛✳
❊●❘❊❙ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ◆♦✳ ✷✵✵✽✲✶✸
❙❡❝t✐♦♥ ✸✳ ❆♣♣❧✐❝❛t✐♦♥s ♦❢ ❙❝❛r❢✬s ▲❡♠♠❛ ✹
❈♦r♦❧❧❛r② ✷✳✾✳ ▲❡t Q ❜❡ ❛♥ n✲❞✐♠❡♥s✐♦♥❛❧ ♣♦✐♥t❡❞ ♣♦❧②❤❡❞r♦♥ ✇✐t❤ n ❧✐♥❡❛r❧② ✐♥❞❡✲
♣❡♥❞❡♥t ❡①tr❡♠❡ r❛②s ✭❛♥❞ ♥♦ ♦t❤❡r✮✳
• ■❢ ✇❡ ❝♦❧♦✉r t❤❡ ✈❡rt✐❝❡s ❛♥❞ t❤❡ ❡①tr❡♠❡ r❛②s ❜② n ❝♦❧♦✉rs s✉❝❤ t❤❛t t❤❡ ❡①tr❡♠❡
r❛②s r❡❝❡✐✈❡ ❞✐✛❡r❡♥t ❝♦❧♦✉rs✱ t❤❡♥ t❤❡r❡ ✐s ❛ ♠✉❧t✐✲❝♦❧♦✉r❡❞ ❢❛❝❡t✳
• ■❢ ✇❡ ❝♦❧♦✉r t❤❡ ❢❛❝❡ts ♦❢ t❤❡ ♣♦❧②❤❡❞r♦♥ ❜② n ❝♦❧♦✉rs s✉❝❤ t❤❛t ❢❛❝❡ts ❝♦♥t❛✐♥✐♥❣
t❤❡ i✲t❤ ❡①tr❡♠❡ r❛② ❞♦ ♥♦t ❣❡t ❝♦❧♦✉r i✱ t❤❡♥ t❤❡r❡ ✐s ❛ ♠✉❧t✐✲❝♦❧♦✉r❡❞ ✈❡rt❡①✳
Pr♦♦❢✳ ▲❡t ✉s t❛❦❡ ❛ ♣♦❧②t♦♣❡ Q′ ✇❤✐❝❤ ✐s ❝♦♠❜✐♥❛t♦r✐❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ Q✱ ❛♥❞ ❧❡t F
❜❡ t❤❡ ❢❛❝❡ ♦❢ Q′ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✐♥✜♥✐t❡ ❢❛❝❡ ♦❢ Q✳ ❙♦ F ✐s ❛ ♠✉❧t✐✲❝♦❧♦✉r❡❞
s✐♠♣❧❡① ❢❛❝❡t✳ ❋♦r t❤❡ ✜rst ♣❛rt✱ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✷✳✺✳
❋♦r t❤❡ s❡❝♦♥❞ ♣❛rt✱ ✇❡ ❛❞❞ ❛ s✐♠♣❧❡① t♦ Q′ ♦♥ ❢❛❝❡ F ✱ ❛♥❞ ❝♦❧♦✉r t❤❡ ♥❡✇ ❢❛❝❡s s♦
t❤❛t t❤❡ ❢❛❝❡ ♦♣♣♦s✐t❡ ✭✐♥ t❤❡ s✐♠♣❧❡①✮ t♦ t❤❡ ✈❡rt❡① ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ i✲t❤ ❡①tr❡♠❡
r❛② ❣❡ts ❝♦❧♦✉r i✳ ❆♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✷✳✻ ✇❡ ❣❡t t❤❛t t❤❡r❡ ✐s ❛♥♦t❤❡r ♠✉❧t✐✲❝♦❧♦✉r❡❞
✈❡rt❡① ♦❢ Q′ ✭❜❡s✐❞❡s t❤❡ ♥❡✇ ✈❡rt❡① ♦❢ t❤❡ s✐♠♣❧❡①✮ ❛♥❞ ❢r♦♠ t❤❡ ❛ss✉♠♣t✐♦♥ ✐t ❢♦❧❧♦✇s
t❤❛t t❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛ ✈❡rt❡① ♦❢ Q✳
❲❡ ♥♦✇ s❤♦✇ t❤❛t ❙❝❛r❢✬s ▲❡♠♠❛ ✭❚❤❡♦r❡♠ ✷✳✸✮ ❢♦❧❧♦✇s ❢r♦♠ ❈♦r♦❧❧❛r② ✷✳✾✳
Pr♦♦❢✳ ▲❡t P = {x ∈ Rn : Ax ≤ b, x ≥ 0} ❜❡ t❤❡ ♣♦❧②❤❡❞r♦♥ ❛s ✐♥ ❙❝❛r❢✬s ▲❡♠♠❛✱
❛♥❞ ❝♦♥s✐❞❡r t❤❡ ♣♦❧②❤❡❞r♦♥ Q = P − Rn+ = {x− y : x ∈ P, y ∈ R
n
+}✳ ❇❡❝❛✉s❡ P ✐s
❜♦✉♥❞❡❞✱ t❤❡ r❡❝❡ss✐♦♥ ❝♦♥❡ ♦❢ Q ✐s −Rn+✱ s♦ Q ❤❛s n ❡①tr❡♠❡ r❛②s✿ −ej ✭j = 1, . . . , n✮✳
❙✐♥❝❡ A ❛♥❞ b ❛r❡ ♥♦♥✲♥❡❣❛t✐✈❡✱ t❤❡ ✈❡rt✐❝❡s ♦❢ Q ❛r❡ t❤❡ ♠❛①✐♠❛❧ ✈❡rt✐❝❡s ♦❢ P ✱ ❛♥❞
t❤❡ ✐♥❡q✉❛❧✐t✐❡s ✇❤✐❝❤ ❞❡✜♥❡ Q ❛r❡ ♦❢ t❤❡ ❢♦r♠ aJi x ≤ bi✱ ✇❤❡r❡ a
J
i := aiχJ ❢♦r ❛♥
✐♥❞❡① s❡t J ✱ ❛♥❞ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t J = s✉♣♣(aJi )✳
▲❡t ✉s ❝♦❧♦✉r ❛ ❢❛❝❡ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜② ✐♥❡q✉❛❧✐t② aJi x ≤ bi ✇✐t❤ t❤❡ ✐♥❞❡① j ∈ J
✇❤✐❝❤ ✐s t❤❡ s♠❛❧❧❡st ✐♥ t❤❡ ♦r❞❡r✐♥❣ <i✳ ■❢ ❛ ❢❛❝❡t ❝♦♥t❛✐♥s t❤❡ ❡①tr❡♠❡ r❛② −el
❢♦r s♦♠❡ l✱ t❤❡♥ t❤❡ l✲t❤ ❝♦♠♣♦♥❡♥t ♦❢ ✐ts ❞❡✜♥✐♥❣ ✐♥❡q✉❛❧✐t② ✐s ③❡r♦✱ s♦ t❤❡ ❝♦❧♦✉r
♦❢ t❤❡ ❢❛❝❡t ✐s ❞✐✛❡r❡♥t ❢r♦♠ l✳ ❙♦ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ ❈♦r♦❧❧❛r② ✷✳✾✱
❛♥❞ ❣❡t t❤❛t t❤❡r❡ ✐s ❛ ✈❡rt❡① x∗ ♦❢ Q ✭t❤✉s ❛ ♠❛①✐♠❛❧ ✈❡rt❡① ♦❢ P ✮ ✇❤✐❝❤ ✐s ♠✉❧t✐✲
❝♦❧♦✉r❡❞✳ ❲❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t x∗ s❛t✐s✜❡s t❤❡ ❝r✐t❡r✐❛ ♦❢ ❙❝❛r❢✬s ▲❡♠♠❛✳ ■❢ j ✐s
❛♥ ❛r❜✐tr❛r② ✐♥❞❡① t❤❡♥ t❤❡r❡ ✐s ❛ j✲❝♦❧♦✉r❡❞ ❢❛❝❡t aJi x = bi ❝♦♥t❛✐♥✐♥❣ x
∗✱ ✇❤✐❝❤
♠❡❛♥s t❤❛t j ≤i s✉♣♣(a
J
i ) = J ✳ ❙✐♥❝❡ x
∗ ✐s ❛❧s♦ ❛ ✈❡rt❡① ♦❢ P ✱ ✐t ✐s ♥♦♥✲♥❡❣❛t✐✈❡✱ s♦
aix
∗ ≥ aJi x
∗ = bi✱ ❜✉t ✇❡ ❦♥♦✇ t❤❛t aix
∗ ≤ bi✱ t❤✉s t❤❡ ❢❛❝❡t aix = bi ♦❢ P ❝♦♥t❛✐♥s x
∗✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤✐s ✐♠♣❧✐❡s ❛❧s♦ t❤❛t s✉♣♣(x∗) ∩ s✉♣♣(ai) ⊂ J ✇❤✐❝❤ ✇✐t❤ j ≤i J
♠❡❛♥s t❤❛t j ≤i s✉♣♣(x
∗) ∩ s✉♣♣(ai) = s✉♣♣(x
∗) ∩ ❉♦♠(<i)✳ ❚❤✉s x
∗ ❞♦♠✐♥❛t❡s
❝♦❧✉♠♥ j✳
✸ ❆♣♣❧✐❝❛t✐♦♥s ♦❢ ❙❝❛r❢✬s ▲❡♠♠❛
✸✳✶ ❋r❛❝t✐♦♥❛❧ ❝♦r❡ ♦❢ ◆❚❯ ❣❛♠❡s
❚❤❡ r♦❧❡ ♦❢ t❤❡ ❧❡♠♠❛ ✐♥ ❣❛♠❡ t❤❡♦r② ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ✐♥ s❡✈❡r❛❧ ❞✐✛❡r❡♥t ✇❛②s✳ ❍❡r❡
✇❡ ✉s❡ ❛ ❝♦♠❜✐♥❛t♦r✐❛❧ ❛♣♣r♦❛❝❤ t❤❛t ❞♦❡s ♥♦t r❡q✉✐r❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛❧❧ t❤❡ ❜❛s✐❝
t❡r♠s ♦❢ ❣❛♠❡ t❤❡♦r②✳
❊●❘❊❙ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ◆♦✳ ✷✵✵✽✲✶✸
✸✳✶ ❋r❛❝t✐♦♥❛❧ ❝♦r❡ ♦❢ ◆❚❯ ❣❛♠❡s ✺
❆ ♣♦ss✐❜❧❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ♥♦♥✲tr❛♥s❢❡r❛❜❧❡ ✉t✐❧✐t② ✭◆❚❯✮ ❣❛♠❡ ✐s ❛s
❢♦❧❧♦✇s✳ ❚❤❡r❡ ❛r❡ m ♣❧❛②❡rs✱ ❛♥❞ ❛ ✜♥✐t❡ ♠✉❧t✐s❡t ♦❢ ❜❛s✐❝ ❝♦❛❧✐t✐♦♥s Sj ⊆ {1, . . . ,m}
(j = 1, . . . , n)✳ ❲❡ ♠❛② ✐♥t❡r♣r❡t ❛ ❝♦❛❧✐t✐♦♥ ❛s ❛ ♣♦ss✐❜❧❡ ❛❝t✐♦♥ ♣❡r❢♦r♠❡❞ ❜② ❛ s❡t
♦❢ ♣❧❛②❡rs❀ t❤✉s s❡✈❡r❛❧ ❞✐✛❡r❡♥t ❝♦❛❧✐t✐♦♥s ♠❛② ❜❡ ❢♦r♠❡❞ ❜② t❤❡ s❛♠❡ s❡t ♦❢ ♣❧❛②❡rs✳
❊❛❝❤ ♣❧❛②❡r i ❤❛s ❛ t♦t❛❧ ♦r❞❡r✐♥❣ <i ♦❢ t❤❡ ❜❛s✐❝ ❝♦❛❧✐t✐♦♥s t❤❛t ❤❡ ♣❛rt✐❝✐♣❛t❡s ✐♥❀
Sj1 <i Sj2 ♠❡❛♥s t❤❛t t❤❡ ♣❧❛②❡r i ♣r❡❢❡rs ❝♦❛❧✐t✐♦♥ Sj2 t♦ ❝♦❛❧✐t✐♦♥ Sj1 ✳ ❲❡ ❛ss✉♠❡
t❤❛t ❡✈❡r② ♣❧❛②❡r ✐s ✐♥ ❛t ❧❡❛st ♦♥❡ ❝♦❛❧✐t✐♦♥✳
❆ s❡t S ♦❢ ❜❛s✐❝ ❝♦❛❧✐t✐♦♥s ✐s s❛✐❞ t♦ ❜❡ ✐♥ t❤❡ ❝♦r❡ ♦❢ t❤❡ ❣❛♠❡ ✐❢ t❤❡② ❛r❡ ❞✐s❥♦✐♥t
❛♥❞ ❢♦r ❡❛❝❤ ❜❛s✐❝ ❝♦❛❧✐t✐♦♥ S ′ ♥♦t ✐♥ S t❤❡r❡ ✐s ❛ ♣❧❛②❡r i ∈ S ′ ❛♥❞ ❛ ❜❛s✐❝ ❝♦❛❧✐t✐♦♥
S ∈ S s✉❝❤ t❤❛t S ′ <i S✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ ❝♦r❡ ✐s ❛ s✉❜♣❛rt✐t✐♦♥
❢♦r♠❡❞ ♦❢ ❜❛s✐❝ ❝♦❛❧✐t✐♦♥s✱ s✉❝❤ t❤❛t ❡✈❡r② ❜❛s✐❝ ❝♦❛❧✐t✐♦♥ S ′ ♥♦t ✐♥ t❤❡ s✉❜♣❛rt✐t✐♦♥
❤❛s ❛ ♣❧❛②❡r ✇❤♦ ✐s ✐♥ ❛ ♠❡♠❜❡r ♦❢ t❤❡ s✉❜♣❛rt✐t✐♦♥ ❛♥❞ ♣r❡❢❡rs t❤✐s ♠❡♠❜❡r t♦ S ′✳
❆ r❡❧❛t❡❞ ❝♦♥❝❡♣t ✐s t❤❡ ❢r❛❝t✐♦♥❛❧ ❝♦r❡ ♦❢ t❤❡ ❣❛♠❡✿ ❛ ✈❡❝t♦r x : {1, . . . , n} → R+








❛♥❞ Sj 6i Sj′ ✇❤❡♥❡✈❡r i ∈ Sj′ ❛♥❞ x(j
′) > 0✳
❚♦ ♠♦t✐✈❛t❡ t❤✐s ❞❡✜♥✐t✐♦♥✱ ✇❡ ❝❛♥ ✐♠❛❣✐♥❡ t❤❛t t❤❡ ❛❝t✐♦♥ ♣❡r❢♦r♠❡❞ ❜② ❡❛❝❤ ❜❛s✐❝
❝♦❛❧✐t✐♦♥ ❝❛♥ ❤❛✈❡ ❛♥ ✐♥t❡♥s✐t② ✭❜❡t✇❡❡♥ ✵ ❛♥❞ ✶✮✱ ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥ ✐s t❤❛t t❤❡ s✉♠
♦❢ t❤❡ ✐♥t❡♥s✐t✐❡s ♦❢ t❤❡ ❛❝t✐♦♥s t❤❛t ❛ ❣✐✈❡♥ ♣❧❛②❡r ♣❛rt✐❝✐♣❛t❡s ✐♥ ✐s ❛t ♠♦st ✶✳ ❙✉❝❤
❛ ✈❡❝t♦r ♦❢ ✐♥t❡♥s✐t✐❡s ✐s ✐♥ t❤❡ ❢r❛❝t✐♦♥❛❧ ❝♦r❡ ✐❢ t❤❡r❡ ✐s ♥♦ ❜❛s✐❝ ❝♦❛❧✐t✐♦♥ ✇❤❡r❡ ❡✈❡r②
♠❡♠❜❡r ✇❛♥ts t♦ ✐♥❝r❡❛s❡ ✐ts ✐♥t❡♥s✐t②✳ ■t ✐s ❛♥ ❡❛s② ♦❜s❡r✈❛t✐♦♥ t❤❛t ✐♥t❡❣❡r✲✈❛❧✉❡❞
❡❧❡♠❡♥ts ✐♥ t❤❡ ❢r❛❝t✐♦♥❛❧ ❝♦r❡ ❛r❡ ❡①❛❝t❧② t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❝♦r❡✳




❢♦r ❡✈❡r② ♣❧❛②❡r i✳ ❆ ❝♦r♦❧❧❛r② ♦❢ ❙❝❛r❢✬s ❧❡♠♠❛ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳
❈♦r♦❧❧❛r② ✸✳✶✳ ❚❤❡ ❢r❛❝t✐♦♥❛❧ ❝♦r❡ ♦❢ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ◆❚❯✲❣❛♠❡ ✐s ❛❧✇❛②s ♥♦♥✲
❡♠♣t②✳ ■❢ t❤❡ ♣♦❧②❤❡❞r♦♥ ♦❢ ❛❞♠✐ss✐❜❧❡ ✈❡❝t♦rs ✐s ✐♥t❡❣r❛❧✱ t❤❡♥ t❤❡ ❝♦r❡ ✐s ❛❧s♦ ♥♦♥✲
❡♠♣t②✳
Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ◆❚❯✲❣❛♠❡ ✇✐t❤ ❝♦❛❧✐t✐♦♥s Sj ⊆ {1, . . . ,m} (j =
1, . . . , n)✱ ❛♥❞ t♦t❛❧ ♦r❞❡rs <i ✭i = 1, . . . ,m✮✳ ▲❡t A ❜❡ t❤❡ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐① ♦❢ t❤❡
❜❛s✐❝ ❝♦❛❧✐t✐♦♥s✱ ✇✐t❤ m r♦✇s ❛♥❞ n ❝♦❧✉♠♥s✱ ❛♥❞ ❧❡t b ❜❡ t❤❡ ❛❧❧✲✶ ✈❡❝t♦r✳ ■❢ ✇❡ ❛♣♣❧②
❚❤❡♦r❡♠ ✷✳✸ ✇✐t❤ t❤❡ t♦t❛❧ ♦r❞❡rs <i ♦♥ t❤❡ s✉♣♣♦rts ♦❢ t❤❡ r♦✇s✱ ✇❡ ♦❜t❛✐♥ t❤❛t
t❤❡ ♣♦❧②❤❡❞r♦♥ {x : Ax ≤ b, x ≥ 0} ❤❛s ❛ ✭♠❛①✐♠❛❧✮ ✈❡rt❡① x∗ t❤❛t ❞♦♠✐♥❛t❡s ❡✈❡r②
❝♦❧✉♠♥✳ ❚❤❡ ♣r♦♣❡rt② t❤❛t x∗ ✐s ✐♥ t❤❡ ♣♦❧②❤❡❞r♦♥ ♠❡❛♥s t❤❛t ✐t ✐s ❛♥ ❛❞♠✐ss✐❜❧❡
❊●❘❊❙ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ◆♦✳ ✷✵✵✽✲✶✸
✸✳✷ ❙t❛❜❧❡ ❤❛❧❢✲♠❛t❝❤✐♥❣s ✻
✈❡❝t♦r ❢♦r t❤❡ ❣❛♠❡✱ ❛♥❞ t❤❡ ♣r♦♣❡rt② t❤❛t ✐t ❞♦♠✐♥❛t❡s ❡✈❡r② ❝♦❧✉♠♥ ✐s ❡q✉✐✈❛❧❡♥t
t♦ s❛②✐♥❣ t❤❛t ✐t ✐s ✐♥ t❤❡ ❢r❛❝t✐♦♥❛❧ ❝♦r❡✳
■❢ t❤❡ ♣♦❧②❤❡❞r♦♥ {x : Ax ≤ b, x ≥ 0} ✐s ✐♥t❡❣r❛❧✱ t❤❡♥ ✇❡ ♦❜t❛✐♥ ❛♥ ✐♥t❡❣r❛❧ ❡❧❡♠❡♥t
✐♥ t❤❡ ❢r❛❝t✐♦♥❛❧ ❝♦r❡✱ ✇❤✐❝❤ ✐s ✐♥ t❤❡ ❝♦r❡✳
■t ✐s ❦♥♦✇♥ ❜② ❛ t❤❡♦r❡♠ ♦❢ ▲♦✈ás③ ❬✶✸❪ t❤❛t t❤❡ ♣♦❧②❤❡❞r♦♥ ♦❢ ❛❞♠✐ss✐❜❧❡ ✈❡❝t♦rs ✐s
✐♥t❡❣r❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❤②♣❡r❣r❛♣❤ ✇❤♦s❡ ❡❞❣❡s ❛r❡ t❤❡ ❜❛s✐❝ ❝♦❛❧✐t✐♦♥s ✐s ♥♦r♠❛❧✳
❚❤✐s ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✱ ✇❤✐❝❤ ✇❛s ✜rst ♣r♦✈❡❞ ❜② ❇♦r♦s✱ ●✉r✈✐❝❤ ❛♥❞ ❱❛s✐♥
❬✼❪✳
❈♦r♦❧❧❛r② ✸✳✷✳ ■❢ t❤❡ ❤②♣❡r❣r❛♣❤ ❞❡✜♥❡❞ ❜② t❤❡ ❜❛s✐❝ ❝♦❛❧✐t✐♦♥s ✐s ♥♦r♠❛❧✱ t❤❡♥ t❤❡
❝♦r❡ ♦❢ t❤❡ ❣❛♠❡ ✐s ♥♦♥✲❡♠♣t②✳
❆♥ ❡q✉✐✈❛❧❡♥t ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡s❡ r❡s✉❧ts ✐s ✐♥ t❡r♠s ♦❢ ❤②♣❡r❣r❛♣❤✐❝ ♣r❡❢❡r❡♥❝❡
s②st❡♠s ❛♥❞ st❛❜❧❡ ❢r❛❝t✐♦♥❛❧ ♠❛t❝❤✐♥❣s ✭❢♦r ❞❡t❛✐❧s✱ s❡❡ ❬✷❪✮✳ ❲❡ ❞❡s❝r✐❜❡ ♦♥❧② t❤❡
❣r❛♣❤✐❝ ❝❛s❡ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ st❛❜❧❡ ♠❛t❝❤✐♥❣s ❛♥❞ st❛❜❧❡ ❤❛❧❢✲♠❛t❝❤✐♥❣s✳
✸✳✷ ❙t❛❜❧❡ ❤❛❧❢✲♠❛t❝❤✐♥❣s
❚❤❡ tr❛❞✐t✐♦♥❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ st❛❜❧❡ ♠❛t❝❤✐♥❣s ✐♥ ❛ ❣r❛♣❤ ✐s t❤❡ s♦✲❝❛❧❧❡❞ st❛❜❧❡
r♦♦♠♠❛t❡s ♣r♦❜❧❡♠✱ ✇❤❡r❡ ✇❡ ✇❛♥t t♦ ❛ss✐❣♥ ♣❛✐rs ♦❢ st✉❞❡♥ts t♦ ❝♦❧❧❡❣❡ r♦♦♠s s♦
t❤❛t t❤❡r❡ ❛r❡ ♥♦ t✇♦ st✉❞❡♥ts ✇❤♦ ♣r❡❢❡r ❡❛❝❤ ♦t❤❡r t♦ t❤❡✐r ❛ss✐❣♥❡❞ r♦♦♠♠❛t❡s✳
❋♦r♠❛❧❧②✱ ❧❡t G = (V,E) ❜❡ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤✱ ♣♦ss✐❜❧② ✇✐t❤ ♣❛r❛❧❧❡❧ ❡❞❣❡s✱ ❜✉t ♥♦
❧♦♦♣s✳ ❋♦r ❡✈❡r② v ∈ V ✇❡ ❛r❡ ❣✐✈❡♥ ❛ t♦t❛❧ ♦r❞❡r <v ♦❢ t❤❡ ❡❞❣❡s ✐♥❝✐❞❡♥t t♦ v✱ ✇❤❡r❡
uv <v wv ♠❡❛♥s t❤❛t v ♣r❡❢❡rs w t♦ u✳ ❚❤❡ s❡t ♦❢ t❤❡s❡ t♦t❛❧ ♦r❞❡rs ✐s ❞❡♥♦t❡❞ ❜② O✱
❛♥❞ t❤❡ ♣❛✐r (G,O) ✐s ❝❛❧❧❡❞ ❛ ❣r❛♣❤✐❝ ♣r❡❢❡r❡♥❝❡ s②st❡♠✳ ❋♦r t✇♦ ❡❞❣❡s e ❛♥❞ f ✇✐t❤
❛ ❝♦♠♠♦♥ ❡♥❞♥♦❞❡ v✱ t❤❡ ♥♦t❛t✐♦♥ e 6v f ✐s ✉s❡❞ ✐❢ e <v f ♦r e = f ✳
❉❡✜♥✐t✐♦♥ ✸✳✸✳ ❆ st❛❜❧❡ ♠❛t❝❤✐♥❣ ♦❢ t❤❡ ♣r❡❢❡r❡♥❝❡ s②st❡♠ (G,O) ✐s ❛ ♠❛t❝❤✐♥❣ M
♦❢ G ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t ❡✈❡r② ❡❞❣❡ e ∈ E ❤❛s ❛♥ ❡♥❞♥♦❞❡ v t❤❛t ✐s ❝♦✈❡r❡❞ ❜② ❛
♠❛t❝❤✐♥❣ ❡❞❣❡ vw ∈M ❢♦r ✇❤✐❝❤ e 6v vw✳
❆ st❛❜❧❡ ❤❛❧❢✲♠❛t❝❤✐♥❣ ✐s ❛ ✈❡❝t♦r x : E → {0, 1/2, 1}✱ ❢♦r ✇❤✐❝❤
•
∑
v:uv∈E x(uv) ≤ 1 ❢♦r ❡✈❡r② u ∈ V ✱




■♥ t❤❡✐r ❝❡❧❡❜r❛t❡❞ ♣❛♣❡r ❬✶✶❪✱ ●❛❧❡ ❛♥❞ ❙❤❛♣❧❡② ♣r♦✈❡❞ t❤❛t ❡✈❡r② ❜✐♣❛rt✐t❡ ♣r❡❢✲
❡r❡♥❝❡ s②st❡♠ ❤❛s ❛ st❛❜❧❡ ♠❛t❝❤✐♥❣✱ ❛♥❞ t❤❡② ♣r♦✈✐❞❡❞ ❛♥ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠✳ ■t ✐s
❡❛s② t♦ s❡❡ t❤❛t ♥♦t ❡✈❡r② ❣r❛♣❤✐❝ ♣r❡❢❡r❡♥❝❡ s②st❡♠ ❤❛s ❛ st❛❜❧❡ ♠❛t❝❤✐♥❣✳ ❍♦✇❡✈❡r✱
■r✈✐♥❣ ❬✶✷❪ s❤♦✇❡❞ ❛ ♣♦❧②♥♦♠✐❛❧ ❛❧❣♦r✐t❤♠ t❤❛t ❞❡❝✐❞❡s ✐❢ t❤❡r❡ ✐s ❛ st❛❜❧❡ ♠❛t❝❤✐♥❣✱
❛♥❞✱ r❡❧②✐♥❣ ♦♥ t❤✐s✱ ❚❛♥ ❬✶✽❪ ♦❜s❡r✈❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣✳
❚❤❡♦r❡♠ ✸✳✹ ✭❬✶✽❪✮✳ ❊✈❡r② ♣r❡❢❡r❡♥❝❡ s②st❡♠ ❤❛s ❛ st❛❜❧❡ ❤❛❧❢✲♠❛t❝❤✐♥❣✳
Pr♦♦❢✳ ❲❡ ♣r♦✈❡ t❤❡ t❤❡♦r❡♠ ✉s✐♥❣ ❙❝❛r❢✬s ▲❡♠♠❛ ✭t❤✐s ✐s ♥♦t ❚❛♥✬s ♦r✐❣✐♥❛❧ ♣r♦♦❢✮✳
▲❡t A ❜❡ t❤❡ ♥♦❞❡✲❡❞❣❡ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ❣r❛♣❤s✱ ✇✐t❤ t❤❡ r♦✇s ✐♥❞❡①❡❞ ❜② t❤❡
❊●❘❊❙ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ◆♦✳ ✷✵✵✽✲✶✸
✸✳✸ ❑❡r♥❡❧ s♦❧✈❛❜✐❧✐t② ♦❢ ♣❡r❢❡❝t ❣r❛♣❤s ✼
♥♦❞❡s✳ ▲❡t b ❜❡ t❤❡ ❛❧❧✲♦♥❡s ✈❡❝t♦r✳ ❲❡ ❝❛♥ ❞❡✜♥❡ ❛ t♦t❛❧ ♦r❞❡r <i ♦♥ s✉♣♣(ai) ❜②
❝♦♥s✐❞❡r✐♥❣ t❤❡ ♥♦❞❡ v ❝♦rr❡s♣♦♥❞✐♥❣ t♦ r♦✇ ai ❛♥❞ ✉s✐♥❣ t❤❡ t♦t❛❧ ♦r❞❡r <v✳
❇② ❚❤❡♦r❡♠ ✷✳✸ t❤❡ ♣♦❧②❤❡❞r♦♥ P = {x ∈ Rn : Ax ≤ b, x ≥ 0} ❤❛s ❛ ♠❛①✐♠❛❧
✈❡rt❡① x∗ t❤❛t ❞♦♠✐♥❛t❡s ❡✈❡r② ❝♦❧✉♠♥✳ ❇② ❛ r❡s✉❧t ♦❢ ❇❛❧✐♥s❦✐ ❬✸❪✱ t❤❡ ♣♦❧②❤❡❞r♦♥
P ✐s ❤❛❧❢✲✐♥t❡❣r❛❧✱ s♦ x∗ ✐s ❤❛❧❢✲✐♥t❡❣r❛❧✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ ♣r♦♣❡rt② t❤❛t x∗
❞♦♠✐♥❛t❡s ❡✈❡r② ❝♦❧✉♠♥ ♠❡❛♥s t❤❛t ✐t ✐s ❛ st❛❜❧❡ ❤❛❧❢✲♠❛t❝❤✐♥❣✳
❙t❛❜❧❡ ❤❛❧❢✲♠❛t❝❤✐♥❣s t❤❛t ❛r❡ ♠❛①✐♠❛❧ ✈❡rt✐❝❡s ♦❢ P ❤❛✈❡ ❛♥ ✐♥t❡r❡st✐♥❣ ♣r♦♣❡rt②
t❤❛t s❡❡♠s t♦ ❜❡ ♣❡❝✉❧✐❛r t♦ t❤✐s ♣r♦❜❧❡♠ ✭✐t ❞♦❡s ♥♦t ❤♦❧❞ ❢♦r ♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥s ♦❢
❙❝❛r❢✬s ▲❡♠♠❛✮✿ ❛❧❧ ♦❢ t❤❡♠ ❛r❡ ♥♦♥✲✐♥t❡❣❡r ♦♥ t❤❡ s❛♠❡ s❡t ♦❢ ❡❞❣❡s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
t❤❡ ❣r❛♣❤ ❤❛s ❛ ❣✐✈❡♥ s❡t ♦❢ ❞✐s❥♦✐♥t ♦❞❞ ❝②❝❧❡s s♦ t❤❛t ❡✈❡r② st❛❜❧❡ ❤❛❧❢✲♠❛t❝❤✐♥❣ t❤❛t
✐s ❛ ✈❡rt❡① ♦❢ P ❤❛s ✈❛❧✉❡ 1
2
♦♥ ❡①❛❝t❧② t❤❡ ❡❞❣❡s ♦❢ t❤❡s❡ ❝②❝❧❡s✳ ❚❤✐s ✐♠♠❡❞✐❛t❡❧②
❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✳
❈♦r♦❧❧❛r② ✸✳✺ ✭❬✶✽❪✮✳ ▲❡t x∗ ❜❡ ❛ st❛❜❧❡ ❤❛❧❢✲♠❛t❝❤✐♥❣ t❤❛t ✐s ❛ ✈❡rt❡① ♦❢ P ✳ ❚❤❡♥ x∗
✐s ✐♥t❡❣r❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♣r❡❢❡r❡♥❝❡ s②st❡♠ ❤❛s ❛ st❛❜❧❡ ♠❛t❝❤✐♥❣✳
✸✳✸ ❑❡r♥❡❧ s♦❧✈❛❜✐❧✐t② ♦❢ ♣❡r❢❡❝t ❣r❛♣❤s
▲❡t D = (V,A) ❜❡ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤✳ ❚❤❡ ♦✉t✲♥❡✐❣❤❜♦✉r❤♦♦❞ OD(v) ♦❢ ❛ ♥♦❞❡ v ∈ V ✐s
t❤❡ s❡t ♦❢ ♥♦❞❡s ❝♦♥s✐st✐♥❣ ♦❢ v ❛♥❞ t❤❡ ♥♦❞❡s w ∈ V ❢♦r ✇❤✐❝❤ vw ∈ A✳ ❆ s✉❜s❡t X ♦❢
♥♦❞❡s ✐s s❛✐❞ t♦ ❞♦♠✐♥❛t❡ ❛ ♥♦❞❡ v ∈ V ✐❢ X ∩OD(v) 6= ∅✳ X ✐s ❝❛❧❧❡❞ ❞♦♠✐♥❛t✐♥❣ ✐❢ ✐t
❞♦♠✐♥❛t❡s ❡✈❡r② ♥♦❞❡✳ ❆ ❦❡r♥❡❧ ♦❢ D ✐s ❛ ❞♦♠✐♥❛t✐♥❣ st❛❜❧❡ s❡t ♦❢ ♥♦❞❡s✳ ❑❡r♥❡❧s ❤❛✈❡
s❡✈❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❝♦♠❜✐♥❛t♦r✐❝s ❛♥❞ ❣❛♠❡ t❤❡♦r②✱ ❛♥❞ t❤❡r❡ ❤❛s ❜❡❡♥ ❡①t❡♥s✐✈❡
✇♦r❦ ♦♥ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❞✐❣r❛♣❤s t❤❛t ❤❛✈❡ ❦❡r♥❡❧s✳ ❙❡❡ ❬✻❪ ❢♦r ❛ s✉r✈❡② ♦♥
t❤❡ t♦♣✐❝✳
❖♥❡ ❛♣♣r♦❛❝❤ ✐s t♦ ✐❞❡♥t✐❢② ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❢♦r ✇❤✐❝❤ ❡✈❡r② ✏♥✐❝❡✑ ♦r✐❡♥t❛t✐♦♥
❤❛s ❛ ❦❡r♥❡❧✳ ▲❡t G = (V,E) ❜❡ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤✳ ❆ s✉♣❡r♦r✐❡♥t❛t✐♦♥ ♦❢ G ✐s ❛
❞✐r❡❝t❡❞ ❣r❛♣❤ ♦❜t❛✐♥❡❞ ❜② r❡♣❧❛❝✐♥❣ ❡❛❝❤ ❡❞❣❡ uv ♦❢ G ❜② ❛♥ ❛r❝ uv ♦r ❛♥ ❛r❝ vu ♦r
❜♦t❤✳ ❆ ♣r♦♣❡r ❞✐r❡❝t❡❞ ❝②❝❧❡ ✐♥ ❛ s✉♣❡r♦r✐❡♥t❛t✐♦♥ ✐s ❛ ❞✐r❡❝t❡❞ ❝②❝❧❡ ❝♦♥s✐st✐♥❣ ♦❢
❛r❝s t❤❛t ❛r❡ ♥♦t ♣r❡s❡♥t r❡✈❡rs❡❞ ✐♥ t❤❡ ❞✐❣r❛♣❤✳
❆ s✉♣❡r♦r✐❡♥❛t✐♦♥ ✐s ❝❧✐q✉❡✲❛❝②❝❧✐❝ ✐❢ ♥♦ ♦r✐❡♥t❡❞ ❝❧✐q✉❡ ❝♦♥t❛✐♥s ❛ ♣r♦♣❡r ❞✐r❡❝t❡❞
❝②❝❧❡✳ ❆ ❣r❛♣❤ G ✐s ❦❡r♥❡❧ s♦❧✈❛❜❧❡ ✐❢ ❡✈❡r② ❝❧✐q✉❡✲❛❝②❝❧✐❝ s✉♣❡r♦r✐❡♥t❛t✐♦♥ ♦❢ G ❤❛s ❛
❦❡r♥❡❧✳
❇♦r♦s ❛♥❞ ●✉r✈✐❝❤ ❬✺❪ ♣r♦✈❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❥❡❝t✉r❡ ♦❢ ❇❡r❣❡ ❛♥❞ ❉✉❝❤❡t✳
❚❤❡♦r❡♠ ✸✳✻ ✭❬✺❪✮✳ ❊✈❡r② ♣❡r❢❡❝t ❣r❛♣❤ ✐s ❦❡r♥❡❧ s♦❧✈❛❜❧❡✳
▲❡t (G,O) ❜❡ ❛ ❣r❛♣❤✐❝ ♣r❡❢❡r❡♥❝❡ s②st❡♠✱ ❛♥❞ ❧❡t D ❜❡ t❤❡ ❧✐♥❡ ❣r❛♣❤ ♦❢ G ♦r✐❡♥t❡❞
❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r❡❢❡r❡♥❝❡s ❛t t❤❡ ♥♦❞❡s✳ ❚❤❡♥ st❛❜❧❡ ♠❛t❝❤✐♥❣s ♦❢ (G,O) ❝♦rr❡s♣♦♥❞
t♦ ❦❡r♥❡❧s ♦❢ D✳ ❚❤✐s ♠❡❛♥s t❤❛t st❛❜❧❡ ♠❛t❝❤✐♥❣ ♣r♦❜❧❡♠s ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s
❦❡r♥❡❧ ♣r♦❜❧❡♠s ✐♥ ❧✐♥❡ ❣r❛♣❤s✳ ❙✐♥❝❡ ❧✐♥❡ ❣r❛♣❤s ♦❢ ❜✐♣❛rt✐t❡ ❣r❛♣❤s ❛r❡ ♣❡r❢❡❝t✱ t❤❡
●❛❧❡✲❙❤❛♣❧❡② t❤❡♦r❡♠ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✸✳✻✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ♣r♦♦❢ ♦❢ ❆❤❛r♦♥✐ ❛♥❞ ❍♦❧③♠❛♥ ❬✶❪ ❢♦r ❚❤❡♦r❡♠ ✸✳✻
✇❤✐❝❤ ✐s ❛ s✐♠♣❧❡ ❛♥❞ ❡❧❡❣❛♥t ✉s❡ ♦❢ ❙❝❛r❢✬s ▲❡♠♠❛✳
❊●❘❊❙ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ◆♦✳ ✷✵✵✽✲✶✸
❙❡❝t✐♦♥ ✹✳ ❑❡r♥❡❧s ✐♥ h✲♣❡r❢❡❝t ❣r❛♣❤s ✽
Pr♦♦❢✳ ▲❡t G = (V,E) ❜❡ ❛ ♣❡r❢❡❝t ❣r❛♣❤ ❛♥❞ ❧❡t D ❜❡ ❛ ❝❧✐q✉❡✲❛❝②❝❧✐❝ s✉♣❡r♦r✐❡♥✲
t❛t✐♦♥ ♦❢ G✳ ▲❡t K1, . . . Km ❞❡♥♦t❡ t❤❡ ♠❛①✐♠❛❧ ❝❧✐q✉❡s ✐♥ G✳ ▲❡t A ∈ {0, 1}
m×n ❜❡
t❤❡ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ♠❛①✐♠❛❧ ❝❧✐q✉❡s✱ ✐✳❡✳ t❤❡ i✲t❤ r♦✇✱ ai ✐s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝
✈❡❝t♦r ♦❢ Ki ✭1 ≤ i ≤ m✮✳ ❋✐♥❛❧❧② ❧❡t b ∈ R
m
+ ❜❡ t❤❡ ❛❧❧✲♦♥❡s ✈❡❝t♦r✳ ❙✐♥❝❡ G ✐s
♣❡r❢❡❝t✱ t❤❡ ♣♦❧②❤❡❞r♦♥ P = {x ∈ Rn : x ≥ 0, Ax ≤ b} ✐s t❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢ t❤❡
❝❤❛r❛❝t❡r✐st✐❝ ✈❡❝t♦rs ♦❢ t❤❡ st❛❜❧❡ s❡ts ♦❢ G✳
❇❡❝❛✉s❡ D ✐s ❝❧✐q✉❡✲❛❝②❝❧✐❝✱ ❡✈❡r② ♠❛①✐♠❛❧ ❝❧✐q✉❡ Ki ❤❛s ❛♥ ♦r❞❡r✐♥❣ ♦❢ ✐ts ♥♦❞❡s
✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t t❤❡r❡ ✐s ♥♦ ❡❞❣❡ ✐♥ Ki ✇❤✐❝❤ ✐s ♦r✐❡♥t❡❞ ♦♥❧② ❜❛❝❦✇❛r❞s✳ ▲❡t
<i ❜❡ t❤✐s ♦r❞❡r✐♥❣✳
❆♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✷✳✸ ❢♦r t❤✐s ✐♥st❛♥❝❡ ✇❡ ❣❡t t❤❛t t❤❡r❡ ✐s ❛ ♠❛①✐♠❛❧ ✈❡rt❡① x∗
♦❢ P ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t ❢♦r ❡❛❝❤ ♥♦❞❡ v ∈ V t❤❡r❡ ✐s ❛ ♠❛①✐♠❛❧ ❝❧✐q✉❡ Ki(v)
❝♦♥t❛✐♥✐♥❣ v s✉❝❤ t❤❛t ai(v)x
∗ = 1 ❛♥❞ x∗v′ = 0 ❢♦r ❡✈❡r② v
′ <i(v) v✳ ❇② t❤❡ ♣r♦♣❡rt✐❡s
♦❢ P ✱ x∗ ✐s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ✈❡❝t♦r ♦❢ ❛ ♠❛①✐♠❛❧ st❛❜❧❡ s❡t S✳
❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t S ✐s ❛ ❦❡r♥❡❧✳ ▲❡t v ❜❡ ❛ ♥♦❞❡ ♦❢ V ✳ ❚❤❡ ❛❜♦✈❡ ✐♠♣❧✐❡s t❤❛t
w ≥i(v) v ❤♦❧❞s ❢♦r ❡✈❡r② w ∈ Ki(v) ∩ S✳ ❇❡❝❛✉s❡ ♦❢ ai(v)x
∗ = 1✱ t❤❡r❡ ✐s ❛ ♥♦❞❡ w ✐♥
Ki(v)∩S✱ s♦ w ≥i(v) v ✐♠♣❧✐❡s w ∈ OD(v) ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♦r❞❡r✐♥❣ <i(v)✳ ❚❤✉s
v ✐s ❞♦♠✐♥❛t❡❞ ❜② S✳
◆♦t❡ t❤❛t ✐t ❢♦❧❧♦✇s ❡❛s✐❧② ❢r♦♠ t❤❡ ❙tr♦♥❣ P❡r❢❡❝t ●r❛♣❤ ❚❤❡♦r❡♠ ❬✾❪ t❤❛t ♥♦♥✲
♣❡r❢❡❝t ❣r❛♣❤s ❛r❡ ♥♦t ❦❡r♥❡❧ s♦❧✈❛❜❧❡✳ ❖♥❡ ♥❡❡❞s t❤❡ ♦❜s❡r✈❛t✐♦♥s t❤❛t ❛✮ ♦❞❞ ❤♦❧❡s
❛♥❞ ♦❞❞ ❛♥t✐❤♦❧❡s ❛r❡ ♥♦t ❦❡r♥❡❧ s♦❧✈❛❜❧❡✱ ❛♥❞ ❜✮ ✐♥❞✉❝❡❞ s✉❜❣r❛♣❤s ♦❢ ❦❡r♥❡❧ s♦❧✈❛❜❧❡
❣r❛♣❤s ❛r❡ ❦❡r♥❡❧ s♦❧✈❛❜❧❡✳ ❍♦✇❡✈❡r✱ ♥♦ ♣r♦♦❢ ✐s ❦♥♦✇♥ t❤❛t ❞♦❡s ♥♦t r❡❧② ♦♥ t❤❡
❙P●❚✳
✹ ❑❡r♥❡❧s ✐♥ h✲♣❡r❢❡❝t ❣r❛♣❤s
✹✳✶ h✲♣❡r❢❡❝t ❣r❛♣❤s
❙❜✐❤✐ ❛♥❞ ❯❤r✐ ❬✶✺❪ ✐♥tr♦❞✉❝❡❞ t❤❡ ❝❧❛ss ♦❢ h✲♣❡r❢❡❝t ❣r❛♣❤s ❛s t❤❡ ❣r❛♣❤s ❢♦r ✇❤✐❝❤
t❤❡ st❛❜❧❡ s❡t ♣♦❧②t♦♣❡ ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢ ✐♥❡q✉❛❧✐t✐❡s✿
xv ≥ 0 ❢♦r ❡✈❡r② v ∈ V ✱ ✭✶✮




❢♦r ❡✈❡r② ♦❞❞ ❤♦❧❡ Z. ✭✸✮
■♥ ❛❞❞✐t✐♦♥ t♦ ♣❡r❢❡❝t ❣r❛♣❤s✱ ✐t ✐s ❦♥♦✇♥ t❤❛t t❤❡ ❝❧❛ss ♦❢ h✲♣❡r❢❡❝t ❣r❛♣❤s ✐♥❝❧✉❞❡s
• ❛❧❧ ❣r❛♣❤s ❝♦♥t❛✐♥✐♥❣ ♥♦ ♦❞❞✲K4✲s✉❜❞✐✈✐s✐♦♥ ✭s❡❡ ❬✶✵❪✮✱
• ❛❧❧ ♥❡❛r✲❜✐♣❛rt✐t❡ ❣r❛♣❤s ❝♦♥t❛✐♥✐♥❣ ♥♦ ♦❞❞ ✇❤❡❡❧ ❛♥❞ ♥♦ ♣r✐♠❡ ❛♥t✐✇❡❜ ❡①❝❡♣t
❢♦r ❝❧✐q✉❡s ❛♥❞ ♦❞❞ ❤♦❧❡s ✭t❤✐s ✐s ✐♠♣❧✐❝✐t❧② ✐♥ ❬✶✼❪✮✱
• ❧✐♥❡ ❣r❛♣❤s ♦❢ ❣r❛♣❤s t❤❛t ❝♦♥t❛✐♥ ♥♦ ♦❞❞ s✉❜❞✐✈✐s✐♦♥ ♦❢ C5 + e ✭s❡❡ ❬✽❪✮✳
❊●❘❊❙ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ◆♦✳ ✷✵✵✽✲✶✸
✹✳✶ h✲♣❡r❢❡❝t ❣r❛♣❤s ✾
■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❙tr♦♥❣ P❡r❢❡❝t ●r❛♣❤ ❚❤❡♦r❡♠ t❤❛t t❤❡ ♣r♦♣❡rt② ✐♥ ❚❤❡♦r❡♠
✸✳✻ ❞♦❡s ♥♦t ❤♦❧❞ ❢♦r ♥♦♥✲♣❡r❢❡❝t ❣r❛♣❤s✳ ❚♦ ❡①t❡♥❞ t❤❡ t❤❡♦r❡♠ t♦ h✲♣❡r❢❡❝t ❣r❛♣❤s✱
❧❡t ✉s ❝❛❧❧ ❛ s✉♣❡r♦r✐❡♥t❛t✐♦♥ ♦❢ ❛ ❣r❛♣❤ ♦❞❞✲❤♦❧❡✲❛❝②❝❧✐❝ ✐❢ ♥♦ ♦r✐❡♥t❡❞ ♦❞❞ ❤♦❧❡ ✐s
❛ ♣r♦♣❡r ❞✐r❡❝t❡❞ ❝②❝❧❡✳ ❖❜✈✐♦✉s❧② ❛ s✉♣❡r♦r✐❡♥t❛t✐♦♥ ♦❢ ❛ ♣❡r❢❡❝t ❣r❛♣❤ ✐s ❛❧✇❛②s
♦❞❞✲❤♦❧❡✲❛❝②❝❧✐❝✳ ❖✉r r❡s✉❧t ✐s ❛s ❢♦❧❧♦✇s✳
❚❤❡♦r❡♠ ✹✳✶✳ ■❢ G ✐s ❛♥ h✲♣❡r❢❡❝t ❣r❛♣❤ t❤❡♥ ❡✈❡r② ❝❧✐q✉❡✲❛❝②❝❧✐❝ ❛♥❞ ♦❞❞✲❤♦❧❡✲
❛❝②❝❧✐❝ s✉♣❡r♦r✐❡♥t❛t✐♦♥ ♦❢ G ❤❛s ❛ ❦❡r♥❡❧✳
❖✉r ♣r♦♦❢ ✐s ❛ s❧✐❣❤t ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❆❤❛r♦♥✐ ❛♥❞ ❍♦❧③♠❛♥ ❢♦r ❚❤❡♦r❡♠
✸✳✻ ❬✶❪✳
Pr♦♦❢✳ ▲❡t G ❜❡ ❛♥ h✲♣❡r❢❡❝t ❣r❛♣❤ ❛♥❞ D ❛ ❝❧✐q✉❡✲❛❝②❝❧✐❝ ❛♥❞ ♦❞❞✲❤♦❧❡✲❛❝②❝❧✐❝ s✉✲
♣❡r♦r✐❡♥t❛t✐♦♥ ♦❢ G✳ ▲❡t c ❛♥❞ o ❞❡♥♦t❡ t❤❡ ♥✉♠❜❡r ♦❢ ♠❛①✐♠❛❧ ❝❧✐q✉❡s ❛♥❞ ♦❞❞ ❤♦❧❡s
✐♥ D✱ r❡s♣❡❝t✐✈❡❧②✳ ▲❡t C1, . . . Cc ❞❡♥♦t❡ t❤❡ ♠❛①✐♠❛❧ ❝❧✐q✉❡s ✐♥ D ❛♥❞ Cc+1, . . . Cc+o
t❤❡ ♦❞❞ ❤♦❧❡s ✐♥ D✳ ▲❡t A ❜❡ t❤❡ ♠❛tr✐① ♦❢ s✐③❡ (c+ o)× n ✇❤♦s❡ i✲t❤ r♦✇✱ ai ✐s t❤❡
❝❤❛r❛❝t❡r✐st✐❝ ✈❡❝t♦r ♦❢ Ci ✭1 ≤ i ≤ c+ o✮✳ ❋✐♥❛❧❧② ❧❡t b ∈ R
(c+o)
+ ❜❡ t❤❡ ✈❡❝t♦r ✇❤♦s❡
i✲t❤ ❝♦♠♣♦♥❡♥t ✐s ✶ ✐❢ i ≤ c ❛♥❞ |Ci|−1
2
✐❢ i > c✳ ❙✐♥❝❡ G ✐s h✲♣❡r❢❡❝t✱ t❤❡ ♣♦❧②❤❡❞r♦♥
P = {x ∈ RV : x ≥ 0, Ax ≤ b} ✐s t❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢ t❤❡ st❛❜❧❡ s❡ts ♦❢ G✳
❇❡❝❛✉s❡ D ✐s ❝❧✐q✉❡✲❛❝②❝❧✐❝ ❛♥❞ ♦❞❞✲❤♦❧❡✲❛❝②❝❧✐❝✱ ✐❢ Ci ✐s ❛ ♠❛①✐♠❛❧ ❝❧✐q✉❡ ♦r ❛♥
♦❞❞ ❤♦❧❡✱ ✐ts ♥♦❞❡s ❤❛✈❡ ❛♥ ♦r❞❡r ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t t❤❡r❡ ✐s ♥♦ ❡❞❣❡ ✐♥ Ci ✇❤✐❝❤
✐s ♦r✐❡♥t❡❞ ♦♥❧② ❜❛❝❦✇❛r❞s✳ ▲❡t <i ❜❡ t❤✐s ♦r❞❡r✐♥❣ ♦❢ Ci✳
❆♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✷✳✸ ❢♦r t❤✐s ✐♥st❛♥❝❡ ✇❡ ❣❡t t❤❛t t❤❡r❡ ✐s ❛ ✈❡rt❡① x∗ ♦❢ P ✇✐t❤
t❤❡ ♣r♦♣❡rt② t❤❛t ❢♦r ❡❛❝❤ ♥♦❞❡ v ∈ V t❤❡r❡ ✐s ❛ ♠❛①✐♠❛❧ ❝❧✐q✉❡ ♦r ♦❞❞ ❤♦❧❡ Ci(v)
❝♦♥t❛✐♥✐♥❣ v s✉❝❤ t❤❛t ai(v)x
∗ = bi(v) ❛♥❞ x
∗
v′ = 0 ❢♦r ❡✈❡r② v
′ <i(v) v✳
❚❤❡ ✈❡❝t♦r x∗ ✐s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ✈❡❝t♦r ♦❢ ❛ st❛❜❧❡ s❡t S ❜❡❝❛✉s❡ ✐t ✐s ❛ ✈❡rt❡① ♦❢
P ✳ ❲❡ ✇❛♥t t♦ s❤♦✇ t❤❛t ✐t ✐s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ✈❡❝t♦r ♦❢ ❛ ❦❡r♥❡❧✳
▲❡t v ❜❡ ❛ ♥♦❞❡ ♥♦t ✐♥ S✳ ❙❝❛r❢✬s ❧❡♠♠❛ ✐♠♣❧✐❡s t❤❛t ✐❢ w ∈ Ci(v)∩S✱ t❤❡♥ w ≥i(v) v
❤♦❧❞s✳ ■❢ Ci(v) ✐s ❛ ❝❧✐q✉❡✱ t❤❡♥ ❜❡❝❛✉s❡ ♦❢ ai(v)x
∗ = bi(v) = 1✱ t❤❡r❡ ✐s ❛ ♥♦❞❡ w ✐♥
Ci(v) ∩ S✳ ❍❡♥❝❡ w ≥i(v) v ✐♠♣❧✐❡s t❤❛t w ∈ OD(v)✳
■❢ Ci(v) ✐s ❛♥ ♦❞❞ ❤♦❧❡✱ t❤❡♥ ai(v)x
∗ = bi(v) =
|Ci(v)|−1
2
✐♠♣❧✐❡s t❤❛t S ❝♦♥t❛✐♥s ❡✈❡r②
s❡❝♦♥❞ ♥♦❞❡ ✐♥ Ci(v)✱ ❡①❝❡♣t t✇♦ ❝♦♥s❡❝✉t✐✈❡ ♥♦❞❡s ♥♦t ✐♥ S✳ ❚❤✐s ♠❡❛♥s t❤❛t v ❤❛s
❛t ❧❡❛st ♦♥❡ ♥❡✐❣❤❜♦✉r w ♦♥ t❤❡ ❝✐r❝✉✐t ✇❤✐❝❤ ✐s ✐♥ S✳ ▲✐❦❡ ❛❜♦✈❡✱ w ≥i(v) v✱ s♦ w
♠✉st ❜❡ ✐♥ OD(v)✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠✳
❆ str♦♥❣❡r ✈❡rs✐♦♥ ♦❢ t❤❡ t❤❡♦r❡♠ ❝❛♥ ❛❧s♦ ❜❡ ♣r♦✈❡❞ ✇✐t❤ t❤❡ s❛♠❡ ♠❡t❤♦❞✳ ❋♦r ❛♥
✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G = (V,E)✱ ❧❡t ❙❚❆❇(G) ❞❡♥♦t❡ t❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝
✈❡❝t♦rs ♦❢ st❛❜❧❡ s❡ts✳ ❲❡ s❛② t❤❛t ❛ ❞✐❣r❛♣❤ ✐s ❛❝②❝❧✐❝ ✐♥ ❛ s✉❜s❡t ♦❢ ♥♦❞❡s ✐❢ t❤❡r❡ ✐s
♥♦ ♣r♦♣❡r ❞✐r❡❝t❡❞ ❝②❝❧❡ ✐♥ t❤❡ s✉❜s❡t✳
❚❤❡♦r❡♠ ✹✳✷✳ ■❢ {x ∈ RV+ : Ax ≤ b} = ❙❚❆❇(G) ❢♦r ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G = (V,E)
❛♥❞ D ✐s ❛ s✉♣❡r♦r✐❡♥t❛t✐♦♥ ♦❢ G ✇❤✐❝❤ ✐s ❛❝②❝❧✐❝ ✐♥ s✉♣♣(ai) ❢♦r ❡✈❡r② r♦✇ ai ♦❢ A✱
t❤❡♥ t❤❡r❡ ✐s ❛ ❦❡r♥❡❧ ✐♥ D✳
Pr♦♦❢✳ ❲❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ❡✈❡r② ✐♥❡q✉❛❧✐t② ✐s ❢❛❝❡t✲❞❡✜♥✐♥❣ ✐♥ t❤❡ s②st❡♠ {x ∈ RV+ :
Ax ≤ b}✳ ❚❤❡♥ A ✐s ♥♦♥✲♥❡❣❛t✐✈❡ ❛♥❞ b ✐s ♣♦s✐t✐✈❡✳
❊●❘❊❙ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ◆♦✳ ✷✵✵✽✲✶✸
❙❡❝t✐♦♥ ✺✳ ❈♦✉♥t❡r❡①❛♠♣❧❡s ❛♥❞ ♦♣❡♥ q✉❡st✐♦♥s ✶✵
❋♦r ❛ r♦✇ ai ♦❢ A✱ ❧❡t <i ❜❡ ❛ t♦t❛❧ ♦r❞❡r ♦❢ t❤❡ ❡❧❡♠❡♥ts ♦❢ s✉♣♣(ai) ❣✐✈❡♥ ❜② ❛
t♦♣♦❧♦❣✐❝❛❧ ♦r❞❡r ♦❢ t❤❡ ♦♥❡✲✇❛② ❡❞❣❡s✳ ❚❤❡♦r❡♠ ✷✳✸ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts ❛ ✈❡rt❡①
x∗ ♦❢ ❙❚❆❇(G) s✉❝❤ t❤❛t ❢♦r ❡✈❡r② v ∈ V t❤❡r❡ ✐s ❛ r♦✇ ai(v) ♦❢ A ❢♦r ✇❤✐❝❤
✭✐✮ ai(v)x
∗ = bi✱ ❛♥❞
✭✐✐✮ ✐❢ w ∈ s✉♣♣(x∗) ∩ s✉♣♣(ai(v)) t❤❡♥ w >i(v) v✳
❙✐♥❝❡ t❤❡ s②st❡♠ ❞❡s❝r✐❜❡s ❙❚❆❇(G)✱ x∗ ✐s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ✈❡❝t♦r ♦❢ s♦♠❡ st❛❜❧❡
s❡t S✳ ❲❡ ✇❛♥t t♦ s❤♦✇ t❤❛t S ❞♦♠✐♥❛t❡s ❡✈❡r② ♥♦❞❡ v✳ ▲❡t v ∈ V \ S❀ t❤❡♥ v ✐s ✐♥
s✉♣♣(ai(v))✳ ▼♦r❡♦✈❡r✱ ✭✐✮ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ✐s ❛ ♥♦❞❡ w ∈ S ∩ s✉♣♣(ai(v)) ∩ NG(v)
✭✇❤❡r❡ NG(v) ❞❡♥♦t❡s t❤❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ v ✐♥ G ✇✐t❤ v✮ ❜❡❝❛✉s❡ ♦t❤❡r✇✐s❡ (S ∩
s✉♣♣(ai(v))) ∪ {v} ✇♦✉❧❞ ❜❡ ❛ st❛❜❧❡ s❡t ✇❤✐❝❤ ✈✐♦❧❛t❡s t❤❡ ✐♥❡q✉❛❧✐t② ♦❢ ai(v)✳ ❋r♦♠
✭✐✐✮ w ✐s ❛♥ ♦✉t✲♥❡✐❣❤❜♦✉r ♦❢ v✱ s♦ v ✐s ❞♦♠✐♥❛t❡❞ ❜② S✳
■t ✐s ❛ ✇❡❧❧✲❦♥♦✇♥ r❡s✉❧t ✐♥ t❤❡ t❤❡♦r② ♦❢ st❛❜❧❡ ♠❛t❝❤✐♥❣s t❤❛t ❛ ❝❧✐q✉❡✲❛❝②❝❧✐❝ ❛♥❞
♦❞❞✲❤♦❧❡✲❛❝②❝❧✐❝ ♦r✐❡♥t❛t✐♦♥ ♦❢ ❛ ❧✐♥❡ ❣r❛♣❤ ❛❧✇❛②s ❤❛s ❛ ❦❡r♥❡❧ ✭✐t ❢♦❧❧♦✇s ❢♦r ❡①❛♠♣❧❡
❢r♦♠ t❤❡ st❛❜❧❡ r♦♦♠♠❛t❡s ❛❧❣♦r✐t❤♠ ♦❢ ■r✇✐♥❣ ❬✶✷❪✮✳ ❍♦✇❡✈❡r✱ t❤✐s ✐s ♥♦t tr✉❡ ❢♦r
s✉♣❡r♦r✐❡♥t❛t✐♦♥s✱ ❛s t❤❡ s✉♣❡r♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡ ❣r❛♣❤ ♦❢ C5 + e ♦♥ ❋✐❣✉r❡ ✶
s❤♦✇s✳
❋✐❣✉r❡ ✶✿ ❆ ❦❡r♥❡❧✲❧❡ss s✉♣❡r♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡ ❣r❛♣❤ ♦❢ C5 + e
✺ ❈♦✉♥t❡r❡①❛♠♣❧❡s ❛♥❞ ♦♣❡♥ q✉❡st✐♦♥s
✺✳✶ ❆ ❝♦♥❥❡❝t✉r❡ ♦♥ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ h✲♣❡r❢❡❝t ❣r❛♣❤s
❲❡ ❤❛✈❡ ♠❡♥t✐♦♥❡❞ t❤❛t t❤❡ r❡✈❡rs❡ ❞✐r❡❝t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✸✳✻ ✐s ❛❧s♦ tr✉❡✱ ❞✉❡ t♦
t❤❡ ❙tr♦♥❣ P❡r❢❡❝t ●r❛♣❤ ❚❤❡♦r❡♠✳ ❚❤❡ s❛♠❡ ❞♦❡s ♥♦t ❤♦❧❞ ❢♦r ❚❤❡♦r❡♠ ✹✳✶✱ ❛♥❞
❛ ❝♦✉♥t❡r❡①❛♠♣❧❡ ✐s ❣✐✈❡♥ ❤❡r❡✳ ❚❤❡ ❣r❛♣❤ ♦♥ ❋✐❣✉r❡ ✷ ✐s ♥♦t h✲♣❡r❢❡❝t ✭t❤✐s ❢♦❧❧♦✇s
❢r♦♠ t❤❡ r❡s✉❧ts ♦❢ ❇❛r❛❤♦♥❛ ❛♥❞ ▼❛❤❥♦✉❜ ❬✹❪✮✱ ❜✉t ✐t ❝❛♥ ❜❡ s❡❡♥ ❜② ❝❛s❡ ❛♥❛❧②s✐s
t❤❛t ❡✈❡r② ❝❧✐q✉❡✲ ❛♥❞ ♦❞❞✲❤♦❧❡✲❛❝②❝❧✐❝ s✉♣❡r♦r✐❡♥t❛t✐♦♥ ♦❢ ✐t ❤❛s ❛ ❦❡r♥❡❧✳
◆❡✈❡rt❤❡❧❡ss✱ ♦♥❡ ♠❛② ❤♦♣❡ ❢♦r ❛ str♦♥❣❡r t❤❡♦r❡♠ ✇❤❡r❡ t❤❡ r❡✈❡rs❡ ❞✐r❡❝t✐♦♥ ❛❧s♦
❤♦❧❞s✳ ❲❡ ❣✐✈❡ ❤❡r❡ ❛ ❧❡ss ❡❧❡❣❛♥t ❜✉t str♦♥❣❡r t❤❡♦r❡♠ ❢♦r ✇❤✐❝❤ ✇❡ ❝♦♥❥❡❝t✉r❡ t❤❛t
t❤✐s ✐s t❤❡ ❝❛s❡✳
▲❡t G ❜❡ ❛♥ h✲♣❡r❢❡❝t ❣r❛♣❤✱ ❛♥❞ ❧❡t D ❜❡ ❛ ❝❧✐q✉❡✲❛❝②❝❧✐❝ s✉♣❡r♦r✐❡♥t❛t✐♦♥ ♦❢
G✳ ❙♦♠❡ ♦❞❞ ❤♦❧❡s ♦❢ G ♠❛② ❜❡❝♦♠❡ ♣r♦♣❡r ❞✐r❡❝t❡❞ ❝②❝❧❡s❀ ❧❡t ✉s ❞❡♥♦t❡ t❤❡s❡
❜② Z1, . . . , Zk✳ ▲❡t ✉s s❡❧❡❝t ♥♦❞❡s v1, . . . , vk s✉❝❤ t❤❛t vi ∈ Zi ❢♦r i = 1, . . . , k ✭t❤❡
s❡❧❡❝t❡❞ ♥♦❞❡s ♥❡❡❞ ♥♦t ❜❡ ❞✐st✐♥❝t✮✳ ❲❡ ❝❛❧❧ t❤✐s ❛ s✉♣❡r♦r✐❡♥t❛t✐♦♥ ✇✐t❤ s♣❡❝✐❛❧ ♥♦❞❡s✳
❆♥ ❛❧♠♦st✲❦❡r♥❡❧ ❢♦r ❛ s✉♣❡r♦r✐❡♥t❛t✐♦♥ ✇✐t❤ s♣❡❝✐❛❧ ♥♦❞❡s ✐s ❛ st❛❜❧❡ s❡t S ✇✐t❤ t❤❡
❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✿
❊●❘❊❙ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ◆♦✳ ✷✵✵✽✲✶✸
✺✳✷ P♦ss✐❜❧❡ ❝♦♥✈❡rs❡ ♦❢ ❙❝❛r❢✬s ▲❡♠♠❛ ✶✶
❋✐❣✉r❡ ✷✿ ❆ ♥♦♥✲h✲♣❡r❢❡❝t ❣r❛♣❤ ✇❤♦s❡ ❝❧✐q✉❡✲ ❛♥❞ ♦❞❞✲❤♦❧❡✲❛❝②❝❧✐❝ s✉♣❡r♦r✐❡♥t❛t✐♦♥s
❛❧❧ ❤❛✈❡ ❦❡r♥❡❧s
■❢ ❛ ♥♦❞❡ v ✐s ♥♦t ❞♦♠✐♥❛t❡❞ ❜② S✱ t❤❡♥ v = vi ❢♦r s♦♠❡ i ❛♥❞ |Zi ∩ S| =
(|Zi| − 1)/2✳
❚❤❡♦r❡♠ ✺✳✶✳ ■❢ G ✐s ❛♥ h✲♣❡r❢❡❝t ❣r❛♣❤ t❤❡♥ ❡✈❡r② ❝❧✐q✉❡✲❛❝②❝❧✐❝ s✉♣❡r♦r✐❡♥t❛t✐♦♥
✇✐t❤ s♣❡❝✐❛❧ ♥♦❞❡s ❤❛s ❛♥ ❛❧♠♦st✲❦❡r♥❡❧✳
Pr♦♦❢✳ ❲❡ ✉s❡ ❙❝❛r❢✬s ▲❡♠♠❛ ✐♥ ❛ s✐♠✐❧❛r ✇❛② ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳ ❚❤❡
♦r❞❡r✐♥❣s <i ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❧✐♥❡s ♦❢ t❤❡ ♠❛tr✐① ❝❛♥ ❜❡ ❞❡✜♥❡❞ t❤❡ s❛♠❡ ✇❛② ❛s
t❤❡r❡✱ ❡①❝❡♣t ❢♦r t❤❡ ♦❞❞ ❤♦❧❡s ✇❤✐❝❤ ❛r❡ ♣r♦♣❡r ❞✐r❡❝t❡❞ ❝②❝❧❡s✳ ❋♦r t❤❡s❡✱ ✇❡ ❝❛♥
❞❡✜♥❡ t❤❡ ♦r❞❡r✐♥❣ s♦ t❤❛t t❤❡ s♣❡❝✐❛❧ ♥♦❞❡ ✐s t❤❡ s♠❛❧❧❡st ♥♦❞❡ ♦❢ t❤❡ ♦r❞❡r✐♥❣✱ ❛♥❞
t❤❡ ♦♥❧② ❡❞❣❡ ♦r✐❡♥t❡❞ ❜❛❝❦✇❛r❞s ✐s t❤❡ ♦♥❡ ❡♥t❡r✐♥❣ t❤❡ s♣❡❝✐❛❧ ♥♦❞❡✳
❯s✐♥❣ ❙❝❛r❢✬s ❧❡♠♠❛ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✱ ✇❡ ❣❡t t❤❛t t❤❡ ♦♥❧② ♣♦ss✐❜❧❡
❝❛s❡ ✇❤❡♥ ❛ ♥♦❞❡ v ✐s ♥♦t ❞♦♠✐♥❛t❡❞ ❜② t❤❡ st❛❜❧❡ s❡t S ❝♦rr❡s♣♦♥❞✐♥❣ t♦ x∗ ✐s
✇❤❡♥ Ci(v) ✐s ❛♥ ♦❞❞ ❤♦❧❡ ✇❤✐❝❤ ✐s ❛ ♣r♦♣❡r ❞✐r❡❝t❡❞ ❝②❝❧❡✱ v ✐s ✐ts s♣❡❝✐❛❧ ♥♦❞❡✱ ❛♥❞
|S ∩ Ci(v)| = (|Ci(v)| − 1)/2✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t S ✐s ❛♥ ❛❧♠♦st✲❦❡r♥❡❧✳
◆♦t❡ t❤❛t t❤✐s t❤❡♦r❡♠ ✐s str♦♥❣❡r t❤❛♥ ❚❤❡♦r❡♠ ✹✳✶ s✐♥❝❡ ❡✈❡r② ❛❧♠♦st✲❦❡r♥❡❧ ✐♥
❛ ❝❧✐q✉❡✲❛❝②❝❧✐❝ ❛♥❞ ♦❞❞✲❤♦❧❡✲❛❝②❝❧✐❝ ♦r✐❡♥t❛t✐♦♥ ✐s ❛ ❦❡r♥❡❧✳ ❲❡ ❝♦♥❥❡❝t✉r❡ t❤❛t ❤❡r❡
t❤❡ ❝♦♥✈❡rs❡ ❛❧s♦ ❤♦❧❞s✿
❈♦♥❥❡❝t✉r❡ ✺✳✷✳ ❆ ❣r❛♣❤ G ✐s h✲♣❡r❢❡❝t ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❡✈❡r② ❝❧✐q✉❡✲❛❝②❝❧✐❝ s✉♣❡r♦r✐✲
❡♥t❛t✐♦♥ ✇✐t❤ s♣❡❝✐❛❧ ♥♦❞❡s ❤❛s ❛♥ ❛❧♠♦st✲❦❡r♥❡❧✳
✺✳✷ P♦ss✐❜❧❡ ❝♦♥✈❡rs❡ ♦❢ ❙❝❛r❢✬s ▲❡♠♠❛
■t ✇♦✉❧❞ ❜❡ t❡♠♣t✐♥❣ t♦ ❢♦r♠✉❧❛t❡ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❝♦♥❥❡❝t✉r❡✱ ✇❤✐❝❤ ✐s ❛ ❦✐♥❞ ♦❢
❝♦♥✈❡rs❡ t♦ ❙❝❛r❢✬s ▲❡♠♠❛✳
◗✉❡st✐♦♥ ✺✳✸✳ ▲❡t A ❜❡ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ m × n ♠❛tr✐① ❛♥❞ ❧❡t b ∈ Rm ❜❡ ❛ ♣♦s✐t✐✈❡
✈❡❝t♦r s♦ t❤❛t t❤❡ ♣♦❧②❤❡❞r♦♥ P = {x : Ax ≤ b, x ≥ 0} ✐s ❜♦✉♥❞❡❞✳ ▲❡t x∗ ❜❡ ❛
♠❛①✐♠❛❧ ✈❡rt❡① ♦❢ P ✳ ■s ✐t tr✉❡ t❤❛t ❢♦r ❡❛❝❤ r♦✇ ai ♦❢ A ✇❡ ❝❛♥ ❣✐✈❡ ❛ t♦t❛❧ ♦r❞❡r ♦♥
s✉♣♣(ai)✱ s♦ t❤❛t x
∗ ✐s t❤❡ ♦♥❧② ♠❛①✐♠❛❧ ✈❡rt❡① ♦❢ P t❤❛t ❞♦♠✐♥❛t❡s ❡✈❡r② ❝♦❧✉♠♥❄
❲❡ ♥♦✇ s❤♦✇ t❤❛t t❤❡ ❛♥s✇❡r t♦ t❤✐s q✉❡st✐♦♥ ✐s ❵◆♦✬✳ ▲❡t ✉s ✜rst ❢♦r♠✉❧❛t❡ ❛
s✐♠✐❧❛r q✉❡st✐♦♥ ❛❜♦✉t ❝♦❧♦✉r✐♥❣s ♦❢ ✈❡rt✐❝❡s ♦❢ ♣♦❧②t♦♣❡s✳
◗✉❡st✐♦♥ ✺✳✹✳ ▲❡t P ❜❡ ❛ d✲❞✐♠❡♥s✐♦♥❛❧ ♣♦❧②t♦♣❡✱ ❛♥❞ ❧❡t x1 ❛♥❞ x2 ❜❡ t✇♦ ❞✐st✐♥❝t
✈❡rt✐❝❡s ♦❢ P ✱ ✇❤❡r❡ x1 ✐s s✐♠♣❧✐❝✐❛❧✳ ■s ✐t tr✉❡ t❤❛t t❤❡ ❢❛❝❡ts ♦❢ P ❝❛♥ ❜❡ ❝♦❧♦✉r❡❞ ❜②
d ❝♦❧♦✉rs s♦ t❤❛t x1 ❛♥❞ x2 ❛r❡ ♣r❡❝✐s❡❧② t❤❡ ✈❡rt✐❝❡s t❤❛t ❛r❡ ✐♥❝✐❞❡♥t t♦ ❢❛❝❡ts ♦❢ ❛❧❧
❝♦❧♦✉rs❄
❊●❘❊❙ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ◆♦✳ ✷✵✵✽✲✶✸
✺✳✷ P♦ss✐❜❧❡ ❝♦♥✈❡rs❡ ♦❢ ❙❝❛r❢✬s ▲❡♠♠❛ ✶✷
❚❤✐s ✐s tr✉❡ ✐♥ ✸ ❞✐♠❡♥s✐♦♥s✿ t❤❡ s❦❡❧❡t♦♥ ♦❢ P ❝♦♥t❛✐♥s ✸ ✈❡rt❡①✲❞✐s❥♦✐♥t ♣❛t❤s
❜❡t✇❡❡♥ x1 ❛♥❞ x2❀ t❤❡s❡ ♣❛t❤s ♣❛rt✐t✐♦♥ t❤❡ s❡t ♦❢ ❢❛❝❡ts ✐♥t♦ ✸ ❝❧❛ss❡s✱ ❛♥❞ t❤❡
❝♦❧♦✉r✐♥❣ ❣✐✈❡♥ ❜② t❤❡s❡ ✸ ❝♦❧♦✉r ❝❧❛ss❡s s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s✳ ❍♦✇❡✈❡r✱ ✐t t✉r♥s
♦✉t t♦ ❜❡ ❢❛❧s❡ ✐♥ ✹ ❞✐♠❡♥s✐♦♥s✱ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦❧②❤❡❞r♦♥ s❤♦✇s✿
❋❛❝❡ts✿
−x1 − x3 + x4 ≤ 1
x1 + x2 + x4 ≤ 1
x2 − x3 + x4 ≤ 1
−x1 − x2 − x3 + x4 ≤ 1
x1 − x2 − x3 − x4 ≤ 1
−x1 − x3 − x4 ≤ 1
−x1 − x4 ≤ 1









❚❤❡ ✜rst ❢♦✉r ❢❛❝❡ts ♦❢ t❤✐s ♣♦❧②❤❡❞r♦♥ ❛r❡ ✐♥❝✐❞❡♥t t♦ t❤❡ ✈❡rt❡① x1 = (0, 0, 0, 1)✱
✇❤✐❧❡ t❤❡ ❧❛st ❢♦✉r ❢❛❝❡ts ❛r❡ ✐♥❝✐❞❡♥t t♦ t❤❡ ✈❡rt❡① x2 = (0, 0, 0,−1)✳ ■t ❝❛♥ ❜❡ s❤♦✇♥
❜② ❝❛s❡ ❛♥❛❧②s✐s t❤❛t ♥♦ ♠❛tt❡r ❤♦✇ ✇❡ ❝♦❧♦✉r t❤❡ ✜rst ❢♦✉r ❢❛❝❡ts ❜② ❢♦✉r ❞✐✛❡r❡♥t
❝♦❧♦✉rs ❛♥❞ t❤❡ ❧❛st ❢♦✉r ❢❛❝❡ts ❜② t❤❡ s❛♠❡ ❢♦✉r ❝♦❧♦✉rs✱ t❤❡r❡ ✇✐❧❧ ❜❡ ❛♥♦t❤❡r ✈❡rt❡①
✐♥❝✐❞❡♥t t♦ ❢❛❝❡ts ♦❢ ❛❧❧ ❢♦✉r ❝♦❧♦✉rs✳
◆♦✇ ✇❡ s❤♦✇ t❤❛t t❤✐s ❝♦✉♥t❡r❡①❛♠♣❧❡ ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ ❝♦✉♥t❡r❡①❛♠♣❧❡
❢♦r ◗✉❡st✐♦♥ ✺✳✸ ✉s✐♥❣ t❤❡ t❡❝❤♥✐q✉❡ ✐♥ ❙❡❝t✐♦♥ ✷✳ ▲❡t P ❜❡ t❤❡ ♣♦❧②t♦♣❡ ❞❡✜♥❡❞
❛❜♦✈❡✳ ❋✐rst✱ ✇❡ ❝✉t ♦✛ t❤❡ ✈❡rt❡① x1 ✇✐t❤ ❛ ❤②♣❡r♣❧❛♥❡ t♦ ♦❜t❛✐♥ ❛ s✐♠♣❧❡① ❢❛❝❡t F0✳
❚❤❡♥ ✇❡ t❛❦❡ t❤❡ ♣♦❧❛r ♦❢ t❤✐s ♣♦❧②t♦♣❡ ❛♥❞ ❛✣♥❡❧② tr❛♥s❢♦r♠ ✐t ✐♥t♦ ❛ ♣♦❧②t♦♣❡ P ′
s♦ t❤❛t t❤❡ ✐♠❛❣❡ ♦❢ F0 ✐s t❤❡ ♦r✐❣✐♥ ❛♥❞ t❤❡ ❢❛❝❡ts ❝♦♥t❛✐♥✐♥❣ ✐t ❛r❡ {x ∈ P
′ : xi = 0}
✭i = 1, . . . , 4✮✳ ■❢ ✇❡ ♥♦✇ t❛❦❡ t❤❡ ♣♦❧❛r ❢r♦♠ t❤❡ ♦r✐❣✐♥✱ ✇❡ ♦❜t❛✐♥ ❛ ♣♦❧②❤❡❞r♦♥
✇❤♦s❡ ❡①tr❡♠❡ r❛②s ❛r❡ −ei (i = 1, . . . , 4)❀ ✇❡ ❝❛♥ tr❛♥s❧❛t❡ t❤✐s t♦ ❛ ♣♦❧②❤❡❞r♦♥
P ′′ ✇❤♦s❡ ✈❡rt✐❝❡s ❛r❡ ❛❧❧ ✐♥ R4+✳ ▲❡t x
∗ ❜❡ t❤❡ ✐♠❛❣❡ ♦❢ x2❀ ✇❡ ❦♥♦✇ t❤❛t t❤✐s ✐s ❛
♠❛①✐♠❛❧ ✈❡rt❡① ♦❢ P ′′′ := P ′′ ∩ R4+✳ ❲❡ ❝❧❛✐♠ t❤❛t P
′′′ ❛♥❞ x∗ ❣✐✈❡ ❛ ❝♦✉♥t❡r❡①❛♠♣❧❡
❢♦r ◗✉❡st✐♦♥ ✺✳✸✳ ❙✉♣♣♦s❡ ✇❡ ❤❛✈❡ t♦t❛❧ ♦r❞❡rs <i ♦♥ t❤❡ s✉♣♣♦rts ♦❢ t❤❡ r♦✇s s✉❝❤
t❤❛t x∗ ❞♦♠✐♥❛t❡s ❡✈❡r② ❝♦❧✉♠♥✳ ❚❤❡s❡ ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ ❝♦❧♦✉r✐♥❣ ♦♥ t❤❡
❢❛❝❡ts ♦❢ P ′′ = P ′′′−R4+ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✱ s✉❝❤ t❤❛t x
∗ ✐s ♠✉❧t✐✲❝♦❧♦✉r❡❞✳
❋✉rt❤❡r♠♦r❡✱ s✉❝❤ ❛ ❝♦❧♦✉r✐♥❣ ♦❢ t❤❡ ❢❛❝❡ts ♦❢ P ′′ ❞❡✜♥❡s ❛ ❝♦❧♦✉r✐♥❣ ♦❢ t❤❡ ❢❛❝❡ts ♦❢
P ✇❤❡r❡ x1 ❛♥❞ x2 ❛r❡ ♠✉❧t✐✲❝♦❧♦✉r❡❞✳ ❙✐♥❝❡ P ✐s ❛ ❝♦✉♥t❡r❡①❛♠♣❧❡ ❢♦r ◗✉❡st✐♦♥ ✺✳✹✱
t❤❡r❡ ✐s ❛ t❤✐r❞ ♠✉❧t✐✲❝♦❧♦✉r❡❞ ✈❡rt❡① x3✳ ❚❤❡ ♣♦❧②❤❡❞r♦♥ P ′′′ ❤❛s ❛ ❝♦rr❡s♣♦♥❞✐♥❣
♠❛①✐♠❛❧ ✈❡rt❡①✱ ❛♥❞ t❤✐s ✈❡rt❡① ❞♦♠✐♥❛t❡s ❡✈❡r② ❝♦❧✉♠♥ ❜② t❤❡ ❝♦♥str✉❝t✐♦♥✳
■t ♠❛② ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❦♥♦✇ s♣❡❝✐❛❧ ❝❧❛ss❡s ♦❢ ♣♦❧②❤❡❞r❛ ✇❤❡r❡ t❤❡ ❛♥s✇❡r t♦
◗✉❡st✐♦♥ ✺✳✸ ✐s ❛✣r♠❛t✐✈❡✳ ❲❡ ❤❛✈❡ ♥♦ ❝♦✉♥t❡r❡①❛♠♣❧❡s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❥❡❝t✉r❡✳
❈♦♥❥❡❝t✉r❡ ✺✳✺✳ ▲❡t A ❜❡ ❛♥ m×n ♠❛tr✐① ✇✐t❤ 0−1 ❝♦❡✣❝✐❡♥ts ❛♥❞ ❧❡t b ∈ Rm ❜❡ ❛
♣♦s✐t✐✈❡ ✈❡❝t♦r s♦ t❤❛t t❤❡ ♣♦❧②❤❡❞r♦♥ P = {x : Ax ≤ b, x ≥ 0} ✐s ❜♦✉♥❞❡❞✳ ❙✉♣♣♦s❡
t❤❛t P ❤❛s ❛ ♥♦♥✲✐♥t❡❣❡r ♠❛①✐♠❛❧ ✈❡rt❡①✳ ❚❤❡♥ ❢♦r ❡❛❝❤ r♦✇ ai ♦❢ A ✇❡ ❝❛♥ ❣✐✈❡ ❛
t♦t❛❧ ♦r❞❡r ♦♥ s✉♣♣(ai) s♦ t❤❛t ❢♦r ❡✈❡r② 0− 1 ✈❡rt❡① x
′ ♦❢ P t❤❡r❡ ✐s ❛ ❝♦❧✉♠♥ t❤❛t ✐t
❞♦❡s ♥♦t ❞♦♠✐♥❛t❡✳
❊●❘❊❙ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ◆♦✳ ✷✵✵✽✲✶✸
❘❡❢❡r❡♥❝❡s ✶✸
❚♦ s❡❡ t❤❛t ❈♦♥❥❡❝t✉r❡ ✺✳✷ ❢♦❧❧♦✇s ❢r♦♠ ❈♦♥❥❡❝t✉r❡ ✺✳✺✱ ❝♦♥s✐❞❡r ❛ ♥♦♥✲h✲♣❡r❢❡❝t
❣r❛♣❤ G✳ ❚❤❡ ♣♦❧②❤❡❞r♦♥ P ❞❡✜♥❡❞ ❜② ✐♥❡q✉❛❧✐t✐❡s (1) − (3) ❤❛s ❛ ♥♦♥✲✐♥t❡❣r❛❧
✈❡rt❡①✱ ❤❡♥❝❡ ✐t ❤❛s ❛ ♥♦♥✲✐♥t❡❣r❛❧ ♠❛①✐♠❛❧ ✈❡rt❡① x∗✳ ▲❡t <i (i = 1, . . . ,m) ❞❡♥♦t❡
t❤❡ t♦t❛❧ ♦r❞❡rs ❣✐✈❡♥ ❜② ❈♦♥❥❡❝t✉r❡ ✺✳✺✳ ❚❤❡s❡ t♦t❛❧ ♦r❞❡rs ❞❡✜♥❡ ❛ ❝❧✐q✉❡✲❛❝②❝❧✐❝
s✉♣❡r♦r✐❡♥t❛t✐♦♥ ✇✐t❤ s♣❡❝✐❛❧ ✈❡rt✐❝❡s✿
• ❋♦r ❡❛❝❤ ♠❛①✐♠❛❧ ❝❧✐q✉❡✱ ✇❡ ♦r✐❡♥t t❤❡ ❡❞❣❡s ♦❢ t❤❡ ❝❧✐q✉❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ t♦t❛❧
♦r❞❡r✐♥❣ ♦❢ t❤❡ ❝❧✐q✉❡✳ ✭❆♥ ❡❞❣❡ ♠❛② ❛♣♣❡❛r ✐♥ t✇♦ ❝❧✐q✉❡s ❛♥❞ ✐ts ❡♥❞♣♦✐♥ts
♠❛② ❜❡ ✐♥ ❞✐✛❡r❡♥t ♦r❞❡r ✐♥ t❤❡ t✇♦ t♦t❛❧ ♦r❞❡rs❀ ✐♥ t❤✐s ❝❛s❡✱ ✇❡ ♦r✐❡♥t t❤❡ ❡❞❣❡
✐♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s✳✮ ❚❤✐s ❞❡✜♥❡s t❤❡ s✉♣❡r♦r✐❡♥t❛t✐♦♥✳
• ■❢ ❛♥ ♦❞❞ ❤♦❧❡ ✐s ❛ ♣r♦♣❡r ❞✐r❡❝t❡❞ ❝②❝❧❡ ✐♥ t❤✐s s✉♣❡r♦r✐❡♥t❛t✐♦♥✱ ✇❡ ❞❡✜♥❡ ✐ts
s♣❡❝✐❛❧ ♥♦❞❡ t♦ ❜❡ t❤❡ s♠❛❧❧❡st ♥♦❞❡ ✐♥ ✐ts t♦t❛❧ ♦r❞❡r✳
▲❡t S ❜❡ ❛♥ ❛r❜✐tr❛r② st❛❜❧❡ s❡t ♦❢ G✳ ❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ✈❡❝t♦r ♦❢ S ✐s ❛ 0 − 1
✈❡rt❡① ♦❢ t❤❡ ♣♦❧②❤❡❞r♦♥ P ✳ ❇② t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♣❛rt✐❛❧ ♦r❞❡rs✱ t❤❡r❡ ✐s ❛ ♥♦❞❡
v ∈ V ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿
• ■❢ t❤❡r❡ ✐s ❛ ♠❛①✐♠❛❧ ❝❧✐q✉❡ Ki ✇✐t❤ |Ki ∩ S| = 1 ❛♥❞ v ∈ Ki✱ t❤❡♥ t❤❡r❡ ✐s ❛
♥♦❞❡ u ∈ Ki ∩ S ✇✐t❤ u <i v✳
• ■❢ t❤❡r❡ ✐s ❛♥ ♦❞❞ ❤♦❧❡ Zi ✇✐t❤ |Zi ∩ S| = (|Zi| − 1)/2 ❛♥❞ v ∈ Zi✱ t❤❡♥ t❤❡r❡ ✐s
❛ ♥♦❞❡ u ∈ Zi ∩ S ✇✐t❤ u <i v✳
❚❤❡ ✜rst ♣r♦♣❡rt② ♠❡❛♥s t❤❛t v /∈ S ❛♥❞ t❤❡ ♦✉t✲♥❡✐❣❤❜♦✉rs ♦❢ v ✐♥ t❤❡ s✉♣❡r♦r✐❡♥✲
t❛t✐♦♥ ❛r❡ ♥♦t ✐♥ S✱ s♦ v ✐s ♥♦t ❞♦♠✐♥❛t❡❞ ❜② S✳ ❚❤❡ s❡❝♦♥❞ ♣r♦♣❡rt② ✐♠♣❧✐❡s t❤❛t ✐❢
v ✐s t❤❡ s♣❡❝✐❛❧ ♥♦❞❡ ♦❢ ❛♥ ♦❞❞ ❤♦❧❡ Z ✭✐✳❡✳ ✐t ✐s t❤❡ s♠❛❧❧❡st ♥♦❞❡ ✐♥ t❤❡ t♦t❛❧ ♦r❞❡r✮
t❤❡♥ |Z ∩ S| < (|Z| − 1)/2✳ ❚❤❡r❡❢♦r❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ v ♣r♦✈❡s t❤❛t S ✐s ♥♦t ❛♥
❛❧♠♦st✲❦❡r♥❡❧✳
❘❡❢❡r❡♥❝❡s
❬✶❪ ❆❤❛r♦♥✐ ❘✳✱ ❍♦❧③♠❛♥ ❘✳✱ ❋r❛❝t✐♦♥❛❧ ❦❡r♥❡❧s ✐♥ ❞✐❣r❛♣❤s✱ ❏♦✉r♥❛❧ ♦❢ ❈♦♠❜✐♥❛t♦r✐❛❧
❚❤❡♦r② ❙❡r✐❡s ❇ ✼✸ ✭✶✾✾✽✮✱ ✶✕✻✳
❬✷❪ ❆❤❛r♦♥✐ ❘✳✱ ❋❧❡✐♥❡r ❚✳✱ ❖♥ ❛ ❧❡♠♠❛ ♦❢ ❙❝❛r❢✱ ❏♦✉r♥❛❧ ♦❢ ❈♦♠❜✐♥❛t♦r✐❛❧ ❚❤❡♦r②
❙❡r✐❡s ❇ ✽✼ ■ss✉❡ ✶ ✭✷✵✵✸✮✱ ✼✷✕✽✵✳
❬✸❪ ❇❛❧✐♥s❦✐ ▼✳▲✳✱ ■♥t❡❣❡r ♣r♦❣r❛♠♠✐♥❣✿ ♠❡t❤♦❞s✱ ✉s❡s✱ ❝♦♠♣✉t❛t✐♦♥✱ ▼❛♥❛❣❡♠❡♥t
❙❝✐❡♥❝❡ ❙❡r✐❡s ❆ ✶✷ ✭✶✾✻✺✮✱ ✷✺✸✕✸✶✸✳
❬✹❪ ❇❛r❛❤♦♥❛ ❋✳✱ ▼❛❤❥♦✉❜ ❆✳❘✳✱ ❈♦♠♣♦s✐t✐♦♥s ♦❢ ❣r❛♣❤s ❛♥❞ ♣♦❧②❤❡❞r❛ ■■■✿ ❣r❛♣❤s
✇✐t❤ ♥♦ W4 ♠✐♥♦r✱ ❙■❆▼ ❏♦✉r♥❛❧ ♦♥ ❉✐s❝r❡t❡ ▼❛t❤❡♠❛t✐❝s ✼ ✭✶✾✾✹✮✱ ✸✼✷✕✸✽✾✳
❬✺❪ ❇♦r♦s ❊✳✱ ●✉r✈✐❝❤ ❱✳✱ P❡r❢❡❝t ❣r❛♣❤s ❛r❡ ❦❡r♥❡❧ s♦❧✈❛❜❧❡✱ ❉✐s❝r❡t❡ ▼❛t❤❡♠❛t✐❝s
✶✺✾ ✭✶✾✾✻✮✱ ✸✸✕✺✺✳
❊●❘❊❙ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ◆♦✳ ✷✵✵✽✲✶✸
❘❡❢❡r❡♥❝❡s ✶✹
❬✻❪ ❇♦r♦s ❊✳✱ ●✉r✈✐❝❤ ❱✳✱ P❡r❢❡❝t ❣r❛♣❤s✱ ❦❡r♥❡❧s✱ ❛♥❞ ❝♦r❡s ♦❢ ❝♦♦♣❡r❛t✐✈❡ ❣❛♠❡s✱
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